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INTEGRATION ON ALGEBRAIC QUANTUM GROUPOIDS 


THOMAS TIMMERMANN 


Abstract. In this article, we develop a theory of integration on algebraic quantum 
groupoids in the form of regular multiplier Hopf algebroids, and establish the main 
properties of integrals obtained by Van Daele for algebraic quantum groups before — 
faithfulness, uniqueness up to scaling, existence of a modular element and existence 
of a modular automorphism — for algebraic quantum groupoids under reasonable 
assumptions. The approach to integration developed in this article forms the basis 
for the extension of Pontrjagin duality to algebraic quantum groupoids, and for the 
passage from algebraic quantum groupoids to operator-algebraic completions, which 
both will be studied in separate articles. 
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1. Introduction 

In this article, we develop a theory of integration on algebraic quantum groupoids in 
the form of regular multiplier Hopf algebroids [18] , and establish the main properties 
of integrals that were obtained by Van Daele in [ 21 ] for algebraic quantum groups - 
faithfulness, uniqueness up to scaling, existence of a modular element and existence of 
a modular automorphism — for algebraic quantum groupoids under reasonable assump¬ 
tions. The approach to integration developed in this article forms the basis for two 
important constructions. 
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To every algebraic quantum groupoid equipped with suitable integrals, we can as¬ 
sociate a generalized Pontrjagin dual, which is an algebraic quantum groupoid again. 
This construction generalizes corresponding results of Van Daele for algebraic quantum 
groups |21j and of Enock and Lesieur for measured quantum groupoids mm, and will 
be studied in a separate article |l4| . see also [16] . 

In the involutive case, we can construct operator-algebraic completions in the form 
of Hopf-von Neumann bimodules [2Qj and of Hopf C*-bimodules [15] . and thus link 
the algebraic approaches to quantum groupoids to the operator-algebraic one. This 
construction generalizes corresponding results of Kustermans and Van Daele for algebraic 
quantum groups [9] and of the author for dynamical quantum groups El, and is detailed 
in a forthcoming article [13]. 

To explain the main ideas and results of our approach, let us first look at multiplier 
Hopf algebras [2lJ. Given such a multiplier Hopf algebra A with comultiplication A, a 
non-zero linear functional (p on A is called a left integral if 

(i <S> <?i)(A(a)(l <g> b)) = (p(a)b (1.1) 

for all a,b € A, where the product A(a)(l (g> b ) lies in A < 8 > A by assumption and l (g> <p is 
the ordinary slice maps from A (g> A to A. Van Daele showed that every such integral 

(1) is faithful: if b 7 ^ 0, then <p(ab) 7 ^ 0 and <p(bc ) 7 ^ 0 for some a,c £ A; 

( 2 ) is unique up to scaling: every left integral has the form \<p with A £ C; 

(3) admits a modular automorphism a such that <p(ab) = cp(ba(a)) for all a,b. 

Corresponding results hold for every right integral ip, which is a non-zero linear functional 
on A satisfying 

(ip < 8 > 0((a ® 1)A(6)) = ip(b)a ( 1 . 2 ) 

for all a,b £ A. The last key result of Van Daele on integrals is 

(4) existence of an (invertible) modular element 6 such that ip (a ) = cp(a5 ) for all 
a £ A 

Our aim is to establish corresponding results for integrals on algebraic quantum 
groupoids and to provide the basis for the two applications outlined above. 

In the framework of weak multiplier Hopf algebras, this will be done by Van Daele 
in a forthcoming paper. A weak multiplier Hopf algebra consists of an algebra A and 
a comultiplication A that is, in a sense (when extended to the multiplier algebras) no 
longer unital but still takes values in multipliers of A® A. In that setting, the invariance 
conditions m still make sense for functionals cp and ip on A, and the results (l)-(4) 
above can be carried over from m with additional arguments. 

In the present paper, we develop the theory in the considerably more general and 
challenging framework of regular multiplier Hopf algebroids. The latter were introduced 
by Van Daele and the author in [18] and simultaneously generalize the regular weak 
multiplier Hopf algebras studied by Van Daele and Wang mm and Bohm [4] . and 
Hopf algebroids studied by mmm , see ai s ° h- 

A regular multiplier Hopf algebroid consists of a total algebra A, commuting subal¬ 
gebras B, C of the multiplier algebra of A with anti-isomorphisms Sb■ B —>• C and 
Sc '■ C —» B, and a left and a right comultiplication A b and Ac which map A to certain 
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multiplier algebras such that one can form products of the form 

A B {a)(l <g> b), A B (b)(a (g> 1), (a <g> l)Ac(b), (1 (?) b)A c (a). 

These products do no longer lie in the tensor product A® A but rather in certain balanced 
tensor products B A ® A B and C A <g) A c , respectively, which are formed by considering 
A as a module over B or C in various ways. None of the algebras A, B, C needs to be 
unital; if all are, then one has a Hopf algebroid. 

What is the appropriate notion of a left or right integral for regular multiplier Hopf 
algebroids? 

Unlike the case of (weak) multiplier Hopf algebras, the key invariance relations (11.11) 
and (11.21) do no longer make sense for functionals <f> oi on A. The products A#(a)(l(8>&) 
and (a <8> l)Ac(6) do not lie in the ordinary tensor product A® A but in the balanced 
tensor products, and on these balanced tensor products, slice maps of the form t (g> cj) or 
if (g> i can only be defined if and are maps from A to B or C, respectively, that are 
compatible with certain module structures. In the case of Hopf algebroids, such left- or 
right-invariant module maps from the total algebra A to the base algebras B and C were 
studied already by Bohm [1]; see also Bohm and Szlachyani [5]- 

The key idea of our approach is to regard not only such left- or right-invariant module 
maps from A to B or C, which correspond to partial, relative or fiber-wise integration, 
but total integrals obtained by composition with suitable functionals p, B and p,c on the 
base algebras B and C . 

Why is it natural, necessary and useful to study such scalar-valued total integrals? 

(1) The main results of Van Daele — uniqueness and existence of a modular auto¬ 
morphism and of a modular element — do not hold for partial integrals or can 
not even be formulated. We shall prove that all of these results carry over to 
scalar-valued total integrals. 

(2) The situation is similar for locally compact groupoids [12], where total integration 
of functions on a groupoid is given by fiber-wise integration with respect to a left 
or right Haar system, followed by integration over the unit space with respect to 
a quasi-invariant measure; and for measured quantum groupoids |10j . [8], which 
are given by a Hopf-von Neumann bimodule, the operator-algebraic counterpart 
to a multiplier Hopf algebroid, together with a left- and a right-invariant partial 
integral and a suitable weight on the base algebra. Again, the interplay of the 
partial integrals and the weight on the base is crucial for the whole theory. 

(3) To construct a generalized Pontrjagin dual of a (multiplier) Hopf algebroid, one 
first has to define a dual algebra with a convolution product. If one regards the 
total algebra A as a module over the base algebras B and C, one obtains four 
dual modules with natural convolution products, two dual to the left and two 
dual to the right comultiplication. Our approach yields an embedding of these 
four modules into the dual vector space of A and one subspace of the intersection 
where the four products coincide. In (TT| . we will show that this subspace can be 
equipped with the structure of a multiplier Hopf algebroid again; see also M- 

(4) Total integrals form the key to relate the algebraic approach to quantum groupoids 
to the operator-algebraic one, as we shall show in a forthcoming paper m- Given 
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a multiplier Hopf *-algebroid with positive total integrals, one can define a nat¬ 
ural Hilbert space of “square-integrable functions on the quantum groupoid” and 
construct a ^-representation of the total algebra which gives rise to a Hopf-von 
Neumann bimodule. 

How should the functionals hb and HC on the base algebras B and C then be chosen? 

Obviously, they should be faithful. Next, we demand that they are antipodal in the 
sense that 


Hc = hB°S c and hb = HC°S b ■ (1.3) 

Our third assumption involves the left and the right counit and £q of the multiplier 
Hopf algebroid, which map A to B and C, respectively, and reads 


pL B o B e = nc ° £C- (1-4) 

This counitality condition appeared already in m and has strong implications, for ex¬ 
ample, that the two equations in (11.31) are equivalent and that the anti-isomorphisms S B 
and Sc combine to Nakayama automorphisms or modular automorphisms for hb and 
He, that is, 

Hb(xx') = hb(ScS b (x')x) and Hciw') = Hc{y' S B Sc(y)) (1-5) 

for all x, x' £ B , y, y' £ C. It also implies that on a natural subspace of functionals on 
A, the two convolution products induced by the left and by the right comultiplication 
coincide, which is crucial for the construction of the generalized Pontrjagin dual. 

Finally, we demand that p,B and HC are quasi-invariant with respect to the partial 
integrals, which map A to B or C, respectively, in a natural sense. This condition is 
easily seen to be necessary for the existence of a modular element, and similar conditions 
are used in the theories of locally compact quantum groupoids and of measured quantum 
group oids. 

What can we say about existence and uniqueness of such functionals fiB and ^< 7 ? 

We shall give simple examples which show that neither existence nor uniqueness can 
be expected in general. This may seem disappointing but is quite natural. Indeed, 
the situation is similar to the question whether an action of a non-compact group on a 
non-compact space admits an invariant or quasi-invariant measure. 

We also give examples where condition (11,41) can not be satisfied directly, but where 
the left and the right comultiplication A b and Ac can be modified so that condition (11.41) 
can be satisfied for the new left and right counits. The basic idea is that for every pair 
of automorphisms (0a, &p) of the underlying algebra A which fix B and C and satisfy 

(<d\Xi) o A b = (tx0 p ) o A b, 

this composition forms a left comultiplication and one obtains a regular multiplier Hopf 
algebroid again. The right comultiplication can be modified similarly and independently. 
This modification procedure considerably generalizes a construction of Van Daele (23j , 
and is of interest on its own because it illustrates how loosely the left and the right 
comultiplication of a (multiplier) Hopf algebroid are related. 
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Plan. This article is organized as follows. 

First, we recall the definition and main properties of regular multiplier Hopf algebroids 
from |18j ( Section 2), and introduce the examples that will be used throughout this 
article. 

Then, we introduce the partial integrals, the functionals on the base algebras men¬ 
tioned above, the quasi-invariance condition relating the two, and the total integrals 
obtained by composition ( Section 3). 

Next, we prove uniqueness of total integrals relative to fixed base functionals ^lb and 
/ic up to rescaling ( Section 4)- 

We then turn to condition (11.41) which is the last missing ingredient for our definition 
of measured multiplier Hopf algebroids ( Section 5). 

Next, we prove the remaining key results on integrals, which are existence of a modular 
automorphism and modular element, and faithfulness ( Section 6). Along the way, we 
study various convolution operators and obtain a dual algebra. 

Finally, we present the modification procedure mentioned above (Section 7) and con¬ 
sider further examples ( Section 8). 

Preliminaries. We shall use the following conventions and terminology. 

All algebras and modules will be complex vector spaces and all homomorphisms will be 
linear maps, but much of the theory developed in this article applies in wider generality. 

The identity map on a set X will be denoted by Lx or simply l. 

Let B be an algebra, not necessarily unital. We denote by B op the opposite algebra, 
which has the same underlying vector space as B, but the reversed multiplication. 

Given a right module M over B, we write Mb if we want to emphasize that M is 
regarded as a right 43-module. We call Mb faithful if for each non-zero b £ B there 
exists an m £ M such that mb is non-zero, non-degenerate if for each non-zero rn £ M 
there exists a b £ B such that mb is non-zero, idem,potent if MB = M, and we say 
that Mb has local units in B if for every finite subset F C M there exists a b £ B with 
mb = m for all m, £ F. Note that the last property implies the preceding two. We 
denote by (Mb) v := Horn (Mb,Bb) the dual module, and by / v : (Nb) w —t {Mb) w the 
dual of a morphism /: M —> N of right 43-modules, given by / v (y) = X° f ■ We use the 
same notation for duals of vector spaces and of linear maps. We furthermore denote by 
L(Mb) ■= Hom(43s, Mb) the space of left inultipliers of the module Mb- 

For left modules, we obtain the corresponding notation and terminology by identifying 
left 43-modules with right 43 op -modules. We denote by R(bM) := Horn (bB,bM) the 
space of right multipliers of a left 43-module bM. 

We write Bb or bB when we regard B as a right or left module over itself with respect 
to right or left multiplication. We say that the algebra B is non-degenerate, idempotent, 
or has local units if the modules bB and Bb both are non-degenerate, idempotent or 
both have local units in B, respectively. Note that the last property again implies the 
preceding two. 

We denote by L(B) = End(43s) and 44(43) = End (bB)° p the algebras of left or right 
multipliers of B, respectively, where the multiplication in the latter algebra is given by 
(fg)(b) ■= g(f(b))- Note that B b or bB is non-degenerate if and only if the natural map 
from B to L(43) or 44(43), respectively, is injective. If Bb is non-degenerate, we define 
the multiplier algebra of B to be the subalgebra M(B) := {t £ L(B) : Bt C B} C L(B), 
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where we identify B with its image in L(B). Likewise we could define M(B ) = {t G 
R(B) : tB C B} if bB is non-degenerate. If both definitions make sense, that is, if 
B is non-degenerate, then they evidently coincide up to a natural identification, and a 
multiplier is given by a pair of maps IrBl'- B -A B satisfying tn(a)b = ati(b ) for all 
o ,6 G B. 

Given a left or right B-module M and a space N, we regard the space of linear maps 
from M to N as a right or left R-module, where (/- 6 )(m) = /( 6 m) or ( 6 -/)(m) = f(mb) 
for all maps / and all elements 6 G B and m G M, respectively. 

In particular, we regard the dual space B y of a non-degenerate, idempotent algebra 
B as a bimodule over M{B), where (a • uj ■ 6 )(c) = uj{bca), and call a functional uj G B v 
faithful if the maps B —>■ R v given by d i —> d ■ uj and d i—>• uj ■ d are injective, that is, 
co(dB) ^ 0 and co(Bd) / 0 whenever d ^ 0. 

We say that a functional uj G B y admits a modular automorphism if there exists an 
automorphism a of B such that uj(ab) = uj(ba(a)) for all a ,6 G 5. One easily verifies 
that this condition holds if and only if B ■ u = uj ■ B, and that then a is characterised by 
the relation a(b) ■ u = uj ■ 6 for all 6 G B. 

We equip the dual space B y with a preorder <, where 

v < u Bv C Buj and vB C ojB. (1.6) 

The following result is straightforward: 

1.0.1. Lemma. Suppose that uj G B w is faithful and that v G B v . 

(1) Then v < uj if and only if there exist 5 G R{B) and 5' G L(B) such that uj(x5) = 
v(x) = uj(S'x) for all x G B. 

(2) If the conditions in (1) hold and uj admits a modular automorphism . a, then 6,5' 
lie in M(B ) and 5 = er(6'). 

Proof. (1) We have v < uj if and only if there exist maps 5,5': B —> B such that 
x ■ v = 5(x) ■ uj and v ■ x = uj • 5'(x) for all x G B. If cu is faithful, then necessarily 
6 G R(B) and 5' G L(B). 

(2) In this case, we find that for all x,x' G B, 

u((x5)a(x')) = uj(x'x5) = v(x'x) = uj(5'x'x) = uj(xa(5'x')). 

Since uj is faithful and x G B was arbitrary, we can conclude that ( x5)a(x') = xa(S'x'), 
whence the assertion follows. □ 

Assume that B is a *-algebra. We call a functional uj G B v self-adjoint if it coincides 
with uj* = *ouo*, that is, uj(a*) = cj(a)* for all a G B, and positive if additionally 
uj(a*a) > 0 for all a G A. 

2. Regular multiplier Hopf algebroids 

Regular multiplier Hopf algebroids were introduced in [18] as non-unital generalizations 
of Hopf algebroids and are special multiplier bialgebroids. As such, they consist of a 
left and a right multiplier bialgebroid with comultiplications related by a mixed co¬ 
associativity condition. 
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2.1. Left multiplier bialgebroids. Let A be an algebra, not necessarily unital, such 
that the right module Aa is idempotent and non-degenerate. Then we can form the (left) 
multiplier algebras L(A) and M(A) C L(A) as explained above. 

Let B be an algebra, not necessarily unital, with a homomorphism s: B —> M(A) and 
an anti-homomorphism t: B M(A ) such that s(B ) and t(B ) commute. 

We denote elements of B by x, x', y , y', ■ ■ ■ and reserve a, 6, c,... for elements of A. 

We write B A and A B when we regard A as a left or right R-module via left multipli¬ 
cation along s or t, respectively, that is, x ■ a = s(x)a and a ■ x = t{x)a. Similarly, we 
write A b and B A when we regard A as a right or left £>-module via right multiplication 
along s or t, respectively. Without further notice, we also regard B A, B A and A B , A B 
as right or left R op -modules, respectively. 

Regard the tensor product B A g A B of R op -modules as a right module over A g 1 or 
1 g A in the obvious way and denote by 

B AxA B C End { b A g A b ) 

the subspace formed by all endomorphisms T of B A g A B satisfying the following con¬ 
dition: for every a,b £ A, there exist elements 

T(a g 1) € b A g) A b and T(1 g) b) G B A g> A B 

such that 

T(a g b) = (T(a g 1))(1 g b) = (T(l g 6))(a g 1) 

This subspace is a subalgebra and commutes with the right A g y4-module action. 

2.1.1. Definition. A left multiplier bialgebroid is a tuple (A, B,s,t, A) consisting of 

(1) algebras A and B, where A is non-degenerate and idempotent as a right A-module; 

(2) a hom.om.orphism s: B —>• M(A) and an anti-homomorphism, t: B M (A) siLch 

that the images of s and t commute, the B-modules B A and A B are faithful and 
idempotent, and B A g A B is non-degenerate as a right module over A g 1 and 
over 1 g A; 

(3) a homomorphism A: A —> B AxA B , called the left comultiplication, satisfying 

A(s{x)t(y)as(x')t{y')) = ( t(y) g s(x))A(a)(t{y') g s(x')), (2.1) 

(A g t)(A(6)(l gc))(aglgl) = (tg A)(A(6)(a g 1))(1 g 1 g c) (2.2) 

A left counit for such a left multiplier bialgebroid is a map e: A —>• B satisfying 

e(s(x)a) = xe(a), e{t(y)a) = e(a)y, (2.3) 

(e g i)(A(a)(l g b)) = ab = (t g e)(A (a)(b g 1)) (2.4) 

for all a,b £ A and x,y G B. 

Note that (12.31) implies that the slice maps 

egi: b A g A b —> A, cgde> t(e(c))d, 
i g e: b A g A b -a A, c® d i-a- s(e(d))c 
occuring in (12.41) are well-defined. 
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2.1.2. Notation. We will need to consider iterated tensor products of vector spaces or 
modules over B or B op , and if several module structures are used in an iterated tensor 
product, we mark the module structures that go together by primes. For example, we 
denote by 

b A ® A ® A b and B A ® B iA b ® A B 

the quotients of A ® A ® A by the subspaces spanned by all elements of the form s(x)a® 
b®c — a®b® t(x)a, where x £ B,a,b,c £ A, in the case of B A ® A ® A B , or of the form 
s(x)a®b®c— a®t(x)b®c or a® s{x')b® c— a®b®t(x')c in the case of B A® B ,A B ® A B '. 

Let ( A , B , s, t, A) be a left multiplier bialgebroid. Then the maps 

T\: A <g> A —» b A <g) A b , a ® b i-a A B (b)(a <g> 1), 

TpA <g) A —y b-A ^ A , a g) b i—^ A^(n)(l g) 6 ), 

are well-defined because of the non-degeneracy assumption on B A (g) A B . By definition 
and 112 .2|) . they make the following diagrams commute, 

t(g>T„ D tig) Tp D 

A® A® A -s- A® B A® A B A® A® A ->■ A® B A® A B (2.5) 

B d®i B (giyl L0m > b A ® A b , b A ® A b ® A ——^ p b A ® b ,A b ® A B ', 

where £ denotes the flip map and m the multiplication, and by (ED- they factorize to 
maps 

T\\ A b <g) b A —^ b A ® A B , Tp : A b ® B A —y B A ® A B , (^' 6 ) 

which we call the canonical maps of the left multiplier bialgebroid. 

2.2. Right multiplier bialgebroids. The notion of a right multiplier bialgebroid is 
opposite to the notion of a left multiplier bialgebroid in the sense that in all assumptions, 
left and right multiplication are reversed. 

Let A be an algebra, not necessarily unital, such that the left module aA is non¬ 
degenerate and idempotent. Then we can form the (right) multiplier algebras R{A) and 
M(A) C R(A). 

Let C be an algebra with a homomorphism s: C —> M ( A ) C R(A) and an anti¬ 
homomorphism t: C —> M(A) C R(A) such that the images of s and t commute. 

We write A c and C A if we regard dasa right or left C-module such that a ■ y = as(y ) 
or y ■ a = at(y ) for all a £ A and y £ C. We also regard A c and C A as a left or right 
C ,op -module, and similarly use the notation C A and A c when we use multiplication on 
the left hand side instead of the right hand side. 

We consider the opposite algebra End^d. <g) A c ) op and write ( a®b)T for the image of 
an element a®b under an element T £ End( c dl(g> A c ) op , so that ( a®b)(ST ) = (( a®b)S)T 
for all a,b £ A and S,T £ End( c 'yl <g> A c ) op . Denote by 

c AxA c C End( c A (g) ,4 c ) op 
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the subspace formed by all endomorphisms T such that for all a,b € A, there exist 
elements (a 0 1)T € c A 0 A c and (1 0 b)T € C A 0 A c such that 

(a 0 b)T = (1 0 6 )((a 0 1)T) = (a 0 1)((1 0 b)T). 

2.2.1. Definition. A right multiplier bialgebroid is a tuple {A,C, s,t, A) consisting of 

(1) algebras A and C, where A is non-degenerate and idempotent as a left A-module; 

(2) a homomorphism s: C M (A) C R(A) and an anti-homomorphism t: C 
M{A) C R{A) such that the images of s and t commute, the C-modules A c and 
c A are faithful and idempotent, and c A 0 A c is non-degenerate as a left module 
over A® 1 and over 1 0 A; 

(3) a homomorphism A: A —> c AxA c , called the right comultiplication, satisfying 

A{s{y)t{x)as{y')t{x')) = ( s(y) 0 t(x))A(a)(s(y') 0 t{x')), (2.7) 

(a 0 1 0 1 )((A 0 r)((l 0 c)A( 6 ))) = (1010 c)((t 0 A)((a 0 1 )A( 6 ))) ( 2 . 8 ) 

for all a,b,c € A and x, y € C . 

A right counit for such a right multiplier bialgebroid is a map e: A -A C satisfying 

e(as(y)) = ay, e(at(x)) = xa , (2-9) 

(s 0 t)((l 0 b)A(a)) = ba = (i 0 e)((b 0 l)A(a)) ( 2 . 10 ) 

for all a,b £ A, x,y G C. 

Again, (|2~9D ensures that the slice maps 

£ 0 t: c A 0 A c —> A, c 0 d >->■ ds(e(c)), 
l 0 e: c A 0 A c -a A, c®di-> ct(e(d)) 

are well-defined. 

Associated to a right multiplier bialgebroid as above are the canonical maps 
a T:A 0 Aa c A 0 A c , a05o (a 0 l)A c ( 6 ), 
p T: A 0 Aa c A 0 a 0 b i-» (1 0 b)Ac(a). 

They make diagrams similar to those in (12.51) commute and factorize to maps 

a T: A c 0 C A ->• C A 0 A c , p T\ A c 0 c Ao c A 0 A c . (2.11) 

2.3. Regular multiplier Hopf algebroids. We now combine the two structures. 

2.3.1. Definition. A multiplier bialgebroid A = {A, B,C, Sb, Sc, Ab, Ac) consists of 

(1) a non-degenerate, idempotent algebra A, 

(2) subalgebras B,C C M(A) with anti-isomorphisms Sb : B —>■ C and Sc - C —>• B, 

(3) maps Ab - A ^ B AxA B and Ac ■ A —> c AxA c 

such that Ab = ( A, B, lb, Sb, Ab) is a left multiplier bialgebroid, Ac = ( A, C, be, Sc, Ac) 
is a right multiplier bialgebroid, and the following mixed co-associativity conditions hold: 

{{A b 0 0((1 ® c)Ac{b))){a 010 1 ) = (1010 c)((t 0 A c ){A B {b){a 0 1 ))), 

(a 0 1 0 l)((Ac 0 i){A B {b){l 0 c))) = {{b 0 As)((a 0 l)Ac( 6 )))(l 0 1 0 c) 
for all a,b,c £ A. 


( 2 . 12 ) 
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We call left counits of Ab and right counits of Ac just left and right counits, respec¬ 
tively, of A. Likewise, we call the canonical maps T\,T p of Ab and \T, p T of Ac just 
the canonical maps of A. 

Given a multiplier bialgebroid ( A , B, C, Sb, Sc, A b, A c), consider the subspaces 

B I := (cj(o) : co £ Horn^H, bB), a £ A ), I B := (c o(a) : oj £ Horn (A B , Bb), a £ A), 

I c := (cj(o) : oj £ Hom(Ac, Cc), a £ A), C I := (oo(a) : oj £ Horn ( c A, cC), a £ A) 

of B and C, respectively. 

2.3.2. Definition. We call a multiplier bialgebroid {A, B,C, Sb, Sc, Ab, Ac) a regular 
multiplier Hopf algebroid if the following conditions hold: 

(1) the subspaces Sr(,b -0 ' A, I B ■ A, A ■ Sc{Ic ) A ■ C I are equal to A; 

(2) the canonical maps T\,T p , \T, p T are bijective. 

If A is a multiplier Hopf algebroid as above, then the maps A b and Ac can be extended 
to homomorphisms from M(A) to End( s H <S> A B ) and End( c H <g> A c ) op , respectively, 
such that 

A B (T)A B (a)(b (g) c) = A B (Ta)(b ® c), (a <g) b)A c (c)A c {T) = (a <E> b)A c {cT) 

for all T £ M(A ) and a,b,c £ A, and then (12.11) and (12.71) take the form 

A B(xy) = y®x, A c (xy) = y®x, (2.13) 

where y®x is regarded as an element of End( s H(g)H' B ) and End( C y4(g)H c ,) op , respectively, 
via left or right multiplication. 

The main result in | |18] is the characterization of regular multiplier Hopf algebroids in 
terms of an invertible antipode: 

2.3.3. Theorem ([IB, Theorem 5.6]). Let A = (H, B, C, Sb, Sc, Ab, Ac) be a multiplier 
bialgebroid. Then A is a regular multiplier Hopf algebroid if and only if there exists an 
anti-autom.orphism S of A satisfying the following conditions: 

(1) S(xyax'y') = ScXy')SB(x')S(a)Sc(y)S B (.x ) for all x,x' £ B,y,y' £ C,a £ A; 

(2) there exist a left counit be an d a right counit ec for A such that the following 
diagrams commute, where m denotes the multiplication maps: 

Ab <S> bA - -A, Ac < 8 > cA - *-A. (2-14) 

| m \t\ m 

bA (g) A b ——^ Ac < 8 ) cA c A (g) Ac --f- Ab ® rA 

In that case, the map S, the left counit be and the right counit ec are uniquely determined. 
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Let A be a regular multiplier Hopf algebroid. Then the map S above is called the 
antipode of A, and the following diagrams commute, 


bA 2 Ab — bA 2 A B , 

C A ® A c ^ C A ® A c , 

(2.15) 

p t\ 

\Tp 


|a T 


C A 2 A c —^A b ®bA 

b A (2) A b —*■ A c 2) cA 

506 


cA <g) Ac -»- bA <g> Ab 

Ac 2 cA -»- Ab 2 bA 

(2.16) 

Tx\ 

\ pT 

\T\ 

\T P 


r A (g) A b -^ C A 0 A r , 

B E(S®S) C ' 

C A 2 A r -* r A 2 A B , 



where E denotes the flip maps on varying tensor products; see Theorem 6 . 8 , Proposition 
6.11 and Proposition 6.12 in |18J. Furthermore, by Corollary 5.12 in fl 8 | , 

S B o B e = £c ° S and Sc°£c = b£°S. (2-17) 

We shall also use the following multiplicativity of the counits, see (3.5) and (4.9) in |18] : 

B £(ab) = B £{a B £{b )) = B £(aS B {B£(b))), 

£ C (ab) = e c (£c(a)b) = ec{Sc(£c(a))b) 

for all a, b £ A. 

Let us finally consider involutions. 

2.3.4. Definition. A multiplier Hopf *-algebroid is a regular multiplier Hopf algebroid 
A = (H, B, C, Sb, Sc, A b, Ac) with an involution on the underlying algebra A such that 

(1) B and C are * -subalgebras of M(A); 

(2) Sb o*o Sc o * = lc and Sc o * o Sb ° * = lb l 

(3) A_b(o*)( 6 * 2 c*) = ((& 2 c)Ac(o))W‘®(“)* for all a,b,c G A. 

Here, condition (2) ensures that the map 

(-)* 2 (-)* : A c , 

is well-defined. If A is a multiplier Hopf *-algebroid as above, then its left and right 
counits b£, £c and its antipode S satisfy 

e c o * = * o Sb o b£, b£ ° * = * ° Sc ° £c, So*oSo* = c 4 ; (2.19) 

see Proposition 6.2 in [18] . 

2.4. Examples of multiplier Hopf algebroids. The following examples from [18] will 
be used throughout this article. 

2.4.1. Example (Unital case). We call a multiplier bialgebroid A unital if the algebras 
A,B,C and the maps Sb, Sc, A b , Ac are unital. In that case, it is easy to see that 
also the antipode and the left and the right counit are unital. Such unital multiplier 
bialgebroids correspond to usual bialgebroids as defined, for example, in 13 El, and regular 
multiplier Hopf algebroids correspond with Hopf algebroids whose antipode is invertible, 
see m Propositions 3.2, 5.13]. 
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2.4.2. Example (Weak multiplier Hopf algebras). Let {A, A) be regular weak multi¬ 
plier Hopf algebra with counit e and antipode S', see [23J. Then one can define maps 
e s ,£t'- A —>• M(A ) such that 

e s (a )6 = ^ S(a ( 1 ) )a ( 2 ) 6 , fet(a) = ^ ba(i)S(a (2) ) (2.20) 

for all a, b £ A Let B = e s (.A) and C = £t(A). Then the extension of the antipode 
S to M(A) restricts to anti-isomorphisms S B - B —► C and Sc- C —> B. Denote by 
ir B : A 8 > A —> b A (8> and ttc'- A ( 8 > A —>• C A (8> the quotient maps. Then the 
formulas 

A B (a)(b < 8 > c) := ir B (A(a)(b ( 8 ) c)), (a < 8 > b)A c {c) = n c((a < 8 > b)A(c)) 

define a left comultiplication A^ and a right comultiplication Ac such that 

A = (A,B,C,Sb,S c ,A b ,A c ) 

becomes a regular multiplier Hopf algebroid, see m Theorem 4.8]. Its antipode coincides 
with S, and its left counit and right counit are given by B £ = S ' -1 °£t an d £c = S ' -1 °e s j 
respectively. 

2.4.3. Example (Function algebra of an etale groupoid). Let G be a locally compact, 
Hausdorff groupoid which is etale in the sense that the source and the target maps 
s, t: G —>■ G° are open and local homeomorphisms |12j . Denote by C c (G) and C c (G°) the 
algebras of compactly supported continuous functions on G and on G°, respectively, by 
s*, t* : C c (G°) —> M(C c (G )) the pull-back of functions along s and f, respectively, let A = 
C c (G ), B = s*(C c (G 0 )) and C = t*(C c (G 0 )), and denote by S B ,Sc the isomorphisms 
B C mapping s*(f) to t*(f) and vice versa. Since G is etale, the natural map A® A —» 
C c (G x G) factorizes to an isomorphism B A < 8 > A B = C A <8> Ac — C c (G s XtG ), where 
G s XfG denotes the composable pairs of elements of G. Denote by A B ,Aq: C c (G) —> 
M(C c (G s XtG )) the pull-back of functions along the groupoid multiplication, that is, 

(A b (/)(s< 8 >/i))( 7,7') = /(tt'MtWY) = {(9 ® h)A c (f))( 7,7') 

for all f,g,h £ A, 7 , 7 ' £ G. Then (A, B,C, S B , Sc, A B , Ac) is a multiplier Hopf *- 
algebroid with counits and antipode given by B ^(f) = s *(/Ig 0 )> £ c{f) = t*(f\ G o), 
W))( 7 ) = /( 7 - 1 )forall/€G c (G). 

2.4.4. Example (Convolution algebra of an etale groupoid). Let G be a locally compact, 
etale, Hausdorff groupoid again. Then the space C c (G) can also be regarded as a *- 
algebra with respect to the convolution product and involution given by 

7 )= 7 "). f*h) = /(7 -1 )- 

7 =y 7 " 

Since G is etale, G° is closed and open in G , and the function algebra C c (G°) embeds 
into the convolution algebra C c (G). Denote by A this convolution algebra, let B = C = 
C c (G°) C A and let S B = S^ = tc c (c°)■ Then the natural map A <8> A —> C c (G x G) 
factorizes to isomorphisms 

b A®A b ^ C c (G t x t G), <74 <8> = C c (G s x s G), 


( 2 . 21 ) 
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and we obtain a multiplier Hopf *-algebroid (A, B, C , Sg, Sg, Ag, A^,), where 

(^b(/)(5®^))(7 / ,7 ,/ )= X] 

i( 7 )=t( 7 ') 

((g®h)A d (f))(y,y , )= X i)- 

s( 7 )=s( 7 ') 

Its counits and antipode are given by 

(b£(/))W = /(V), (£<?(/))(“) = X /(V)> (*S’(/))(7) = /(7 -1 )- 

t( / y , ) =u s( / y , )=u 

2.4.5. Example (Tensor product). Let B and C be non-degenerate, idempotent algebras 
with anti-isomorphisms Sb- B —> C and Sc - C —>■ B, form the the tensor product 
A = C ® B, and identify B and C with their images in M{A) under the canonical 
inclusions. Then we obtain a regular multiplier Hopf algebroid [A, B , C, Sb, Sc, A b, Ac) 
with comultiplication, counits and antipode given by 

A b(v <8> x)(a <8> a') = ya® xa! , (a <S> a')Ac(y <S> x) = ay <S> a'x, 

B £(y®x) = xS^ 1 (y), £ C (y®x) = S^ 1 (x)y, S{y <g> x) = S B {x) <S> S c (y) 

for all x £ B, y £ C, a, a' £ A. 

The following example is a special case of the extension of scalars considered in [2., 
§4.1.5]. 

2.4.6. Example (Symmetric crossed product). Let C be a non-degenerate, idempo¬ 
tent, commutative algebra with a unital left action of a regular multiplier Hopf algebra 
( H , Ah), that is, 

h > (yy 1 ) = (/i( 1 ) > y){h {2 ) > y') 

for all y,y' £ C and h £ H \ 7], and assume that the action is symmetric in the sense that 

fyi) <8> h{ 2 ) > 2 / = /i( 2 ) ® /i(i) > y (2.22) 

for all /i £ H and y £ C. If the action is faithful, then symmetry follows easily from 
commutativity of C, but in general, it is an extra assumption and equivalent to the 
Yetter-Drinfeld condition for the given action and the trivial coaction of H on C. As an 
example, in the case that H is the function algebra of a discrete group T, a symmetric 
action of C c (T) corresponds to a grading by the center of T. 

Denote by A = Cjj^H the usual smash product or crossed product, that is, the vector 
space C <8> H with multiplication given by 

(y ® h){y' <g> ti) = y(/i ( i) > y') <g> h {2) ti. 

Then C and H can naturally be identified with subalgebras of M(A). 

We obtain a regular multiplier Hopf algebroid (A, B, C, Sb, Sc, Ab, Ac), where B = 
C, Sb = Sc = t-c and 

A s(yh)(a <g) a') = yh^a <S> h( 2 ) a ' = hma (g> yh^a 1 , 

(a <g> a')Ac{hy) = ahmy <g) a'h ( 2 ) = a/im <8> a'h^y 
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for all y € C, h £ H and a , a' £ A. Its antipode and counits are given by 

S(yh) = S H (h)y, Be(yh) = ye H ih -) = e c (hy) (2.23) 

for all y £ C and h € H, where Sjj and e B denote the antipode and counit of ( H , A//). 
The verification is straightforward. 

2.4.7. Example (A two-sided crossed product). Let B, C, Sb and Sc be as above and 
let H be a regular multiplier Hopf algebra with a unital left action on C and a unital 
right action on B such that for all h £ H, x,x r € B, y,y' € C, 

{xx') <h = (x<fyi))(a/ </i(2)), h>(yy') = (h(i)>y)(h( 2 )>y') : (2.24) 

S B (x<h) = S H (h)t>S B (x), S c (h>y) = S c (y)<S H (h), (2.25) 

where S B denotes the antipode of H. Then the space A = C®H®B is a non-degenerate, 
idempotent algebra with respect to the product 

(y <8 /i<8 x)(y' <8> h! ® x') = y{h^ > y') <8 h( 2 )h'^ (8 {x < h'^)x'. 

The algebras C, H, B embed naturally into M(A), and we identify them with their images 
in M(A). Then the products yhx,yxh,hyx he in A C M(A) for all x € B, y G C and 
h £ H, and we obtain a regular multiplier Hopf algebroid (A, B,C, S B , Sc, A B , Ac), 
where 

A B (yhx)(a <8 a 1 ) = y/tma (8 h( 2 )xa!, (a ® a')Ac(yhx ) = ayh ^ (8 a'h^x 
for all x € y € C, h € iL, a, a' £ A. Its counits and antipode are given by 

B e{xhy) = xS^(h > y), e c {xhy) = S^(x < h)y , S(yhx ) = S B (x)S H (h)S c {y)- 

3. Partial integrals and quasi-invariant base weights 

This section introduces the basic ingredients for integration on a regular multiplier 
Hopf algebroid A = (A, B, C, S B , Sc, A B , Ac)- These are partial left and partial right 
integrals, which are maps cA —> C and B i^ B : A —^ B satisfying suitable invariance 
conditons with respect to the comultiplications, and base weights {y B ,yc), which are 
functionals on B and C, respectively, that are quasi-invariant with respect to c^C an d 
B ip B . We first formulate the appropriate left- and right-invariance for maps from A to 
B and C (subsection 13.ID . In the case of Hopf algebroids, such invariant maps were 
studied already in [lj, and yield conditional expectations onto the orbit algebra of A 
Isubsection 13.21) . We then discuss the quasi-invariance assumption on the functionals y B 
and nc, (subsection 13.3p and study the algebraic implications thereof (subsection 13. 4p . 
Along the way, we keep an eye on the examples of multiplier Hopf algebroids introduced 
in subsection 12.41 

3.1. Partial integrals. We use the notation introduced in Section [21 

3.1.1. Proposition. Let A = (A, B, C, S B , Sc, A B , Ac) be a regular multiplier Hopf 
algebroid. 

(1) For every linear map B f> B : A —>• B, the following conditions are equivalent: 

(a) B if B £ Hom(eA, b B) and for all a, b £ A, 

(sV’s ® t){A B (a)(l <8 b )) = B ip B (a)b ; 


(3.1) 
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(b) B^pB €= Bb ) and for all a,b £ A, 

(S^ 1 o B ^ B < 8 > i)((l ® b)A c {a)) = b B if B (a)\ (3.2) 

(c) b^b £ Hom( s A s , b B b ) and the following diagram commutes: 


A c ®cA 

b A <g> A b 


xT > c t4 (8> A c 

|s , o(S^ 1 o B i/’s®0 

—-A. 

bV’sO'- 


(3.3) 


( 2 ) For euen/ linear map c&c '■ A —* C, the following conditions are equivalent: 

(a) c4>C € Hom(c^4, c-C) /or all a,b £ A, 

(t ( 8 ) S ')) 1 o C (t>c)(^B{b){a ( 8 ) 1)) = c<t>c(b)a ; (3.4) 

(b) c4>C € 1401X1(74(7, Cc) and for all a,b £ A, 

(i ® cf>c)((a < 8 > l)A c (b)) = a c 4>c(b)-, (3.5) 

( c ) c4>C € Hom( c .A c ., (jC c ) and the following diagram commutes: 


A b ® b A — Tj -^~ b A®A b (3.6) 

P Ts| |s , o(i®S“ 1 o c </) C ) 

C A (8) A r -^ t4. 

Proof. We only prove (1) because (2) is similar. If (a) holds, then 

B ifB(ax)b = ( B if B < 8 > i)(A B (fli;)(l < 8 > b)) = ( B if B < 8 > t)(AB(a)(l ® xb)) = B if B (a)xb 

for all x £ B and a, b £ A by (12.11) and hence b^b € Hom( B A B , b B b ). A similar 
application of (12.71) shows that the same conclusion holds if (b) is satisfied. 

Suppose now that s'f’B & Hom( B d B , b b b)- 

We show that (la) and (lb) are equivalent. The equations (13.21) and (13.11) are equiv¬ 
alent to commutativity of the triangle on the left hand side or on the right hand side, 
respectively, in the following diagram: 


bA < 8 > Ab 





s 


t,®S 


b A < 8 > A B 



Ab < 8 > bA 


The large rectangle commutes by (12.151) . and the upper and lower cells commute by 
inspection. Since all horizontal and vertical arrows are bijections, the triangle on the left 
hand side commutes if and only if the triangle on the right hand side does. 
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To see that (la) and (lc) are equivalent, consider the following diagram: 


C A® A c 


Tx 


b A 0 A b 



lav’s ® 1 

A 


The upper left cell commutes by [18], Proposition 5.8], and the lower cell commutes by 
inspection. Therefore, the outer cell commutes if and only if the triangle on the right 
commutes. □ 


3.1.2. Definition. Let A be a regular multiplier Hopf algebroid. A partial right integral 
on A is a map B'f’B'- A -A B satisfying the equivalent conditions in Proposition \3fT7l\ 

(1), and a partial left integral on A is a map cf>C : A —» C satisfying the equivalent 
conditions in Proposition \fL 1 ■ H (2). 

Regard ~Rom( c A c , c C c ) as an M(B )-bimodule and Hom( B Ag, b^b) as an M(C)- 
bimodule, where (x ■ c4>C ■ x')(a) = c<j>c{x'ax) and (y ■ b ^b ■ y')(a ) = Rij B {y'ay). 

3.1.3. Proposition. Let A be a regular multiplier Hopf algebroid. 

(1) All partial left integrals form an M(B)-sub-bimodule of Hom( c A c , C C c)i 

( 2 ) all partial right integrals form an M{C)-sub-bimodule of A b B b ); 

(3) the maps c4>C H > 5 ' =l=1 o c^C ° S ^ 1 are bijections between all partial left and all 
partial right integrals. 

Proof. This follows easily from (12.11) . (12.71) and (|2.16D . □ 

Thus, a regular multiplier Hopf algebroid has a surjective partial left integral if and 
only if it has a surjective partial right integral. 

In the following result, we use the extension of A# and A q to multipliers as described 
in Section 2 and explained after (12.13|) . and identify M(B) and M{C ) with subalgebras 
of M(A). 

3.1.4. Proposition. Let A be a regular multiplier Hopf algebroid which has a surjective 
partial integral. Then 

M(B) = {z£ M{A) n C' : A B (z) = 1 0 z} = {z £ M(A) n C' : A c (z) = 1 0 z}, 
M(C) = {z £ M(A) n B' : A B (z) = z 0 1} = {z £ M(A) n B' : A c (z) = z 0 1}. 

Proof. We only prove the first equality. The inclusion C follows from (12.11) . To prove the 
reverse inclusion, suppose that s'f’B is a surjective right integral and that z £ M(A) D C' 
satisfies A b(z) = 1 0 z. Then for all a, b £ A, 

B if B {za)b = (b^b 0 i){A B {za)(l 0 b )) = z{ B ipB 0 id)(A B (a)(l 0 b)) = z B ^B(a)b, 
B if B (az)b = (bV’s 0 i)(As(az)(l 0 b)) = ( B ip B 0 id)(A B (a)(l 0 zb)) = B f>B{a,)zb, 

and hence zb^b{o) = B'f’B(za) £ B and B if B {a)z = B'f’B^z) £ B. Since B fj B is 
surjective, we can conclude that z £ M(B). □ 
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Let us return to the examples introduced in subsection 12.41 

3.1.5. Example. Let G be a locally compact, etale Hausdorff groupoid and regard the 
function algebra C c (G) as a multiplier Hopf *-algebroid as in Example 12.4.31 Then for 

each h £ C{G°), the maps c^c ■ C c (G) -A t*(C c (G 0 )) and b^b ■ C c {G) -A s*(C c (G°)) 
given by 

= Y V))> (b^b } (/))(t) = X! Y)) 

7 'eG YeG 

t( 7 ')=t( 7 ) s (7')=s(7) 

are a partial left and a partial right integral, respectively. 

3.1.6. Example. Let G be as above and regard the convolution algebra C c (G ) as a 
multiplier Hopf *-algebroid as in Example 12.4.41 Then for each h G C(G°), the map 

c^c ■ C c (G) C c (G °) given by 

G c4>c\f))i u ) = f(u)h(u) 

is easily seen to be a partial left and a partial right integral. 

3.1.7. Example. Consider the tensor product A = C 0 B discussed in Example 12.4.51 
For all v £ B v and oj £ C v , the maps 

c4$ := i <8> v : A —> C, b^b^ : = < 8 > i: H —* L> 

are a partial left and a partial right integral, respectively, as one can easily check again. 

3.1.8. Example. Consider the symmetric crossed product A = Cj^H constructed in 
Example 12.4.61 If <pH is a left integral and ipn is a right integral for the multiplier Hopf 
algebra H, then the maps 

C0G: C#H C, yh y<j> H (h), b^b ■ C#H C = B, yh h-> yi/jH{h) (3.7) 
are a partial left and a partial right integral, respectively. Note that 

c4>c{hy) = (h { i) > y)(j>H(h(2)) = y<t>H(h), ^ 

BipB(hy) = (h(2) >y)ipH{h( 1 )) = yipH(h). 

3.1.9. Example. Consider the two-sided crossed product A = C#H#B discussed in 
Example 12.4.71 Suppose that the multiplier Hopf algebra H has a left integral </>#, and 
let v £ B v . Then the map 

C^c ■■ A ->C, yhx GA y<t> H (h)v(x), 

is a partial left integral. Indeed, clearly c4$ £ Horn (cA,cC), and 

(l <g> S] 3 1 C (t>c ) ){^B{yhx){y'h'y' ® 1)) = > y^h^h'x' ■ <j> H (h( 3 ))v(x) 

= yy'h'x'(j>H (h)v(x) = c4>c\yhx)y' h' x' 

for all y, y' £ C, x, x' £ B and h, h! £ H by left-invariance of 4>h- 

Similarly, if ipn is a right integral of H and if oj £ C v , then the map 

biPb '.A-tB, yhx i->- oj(y)ip H (h)x, 


is right-invariant. 
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3.2. Expectations onto the orbit algebra in the proper case. We show that for a 
proper regular multiplier Hopf algebroid, partial integrals restrict to conditional expec¬ 
tations to the orbit algebra and are completely determined by these restrictions. Let us 
first define these terms. 

3.2.1. Definition. We call a regular multiplier Hopf algebroid A as above proper if 

BC C Ain M(A). 

The orbit algebra of A is the subalgebra 

O := M{B) n M(C) C M(A). 

We call A ergodic if O = Cl. 

Clearly, the orbit algebra O is central in M(B ) and in M(C). 

3.2.2. Proposition. The antipode S of a regular multiplier Hopf algebroid A acts trivially 
on its orbit algebra. 

Proof. Let z € O. By Proposition 13.1.41 we have for all a, b £ A 

a <8 Ss{z)b = za <8 6 = A s(z)(a ®b) = a® zb 

in b A <8 A B . We apply b£ <S> t, use the relations be(A)A = A and z £ C D B' n M(A), 
and find Sb(z)c = zc for all c £ A. □ 

In the proper case, partial integrals extend to conditional expectations on the base 
algebras and are completely determined by these extensions. 

3.2.3. Proposition. Let A be a proper regular multiplier Hopf algebroid with a partial left 
integral cf>c an d a partial right integral bX’b- Then the extensions b'X’bIc'- C —> ZM(B ) 
and c<Xc\b '• B -A- ZM(C) defined by 

b^b\c{.v)x = B^B^yx) and c<t>c\B(x)y = cf>c(xy) 
take values in the orbit algebra O and we have 

c4>c\b ° B'f’B = B'X’bIc ° c4>c (3.9) 

as maps from A to O. 

Proof. To see that the extension c4>c\b takes values in O, let a £ A, x,x' £ B, y £ C. 
Then 

c(t>c\B(x)yx'a = c4>c{xy)x'a = (l <8 S B 1 c 4>c){^B{xy)(x'a <8 1)) 

= (t <8 S^c^iya <8 xSb(x')) 

= Sf; 1 (c<t>c(xS B (x')))ya = S b 1 ( C (!>c\b{x))x' ya, 

and hence £ O. A similar argument shows that B' l l , B\c(y) £ @ f° r all y £ C. 

To prove (13.91) . let a € A, x,x',x" £ B and y £ C. Then the expression 

(bV’s ® S B l C (t>c){^B{a){yx' <8 S B (x")x) 

is equal to 

B‘f>B{c^cXax)x”yx') = BX>B\c{c(t>cX ax y))x" x' 
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by left-invariance of cepCi and to 

s^ 1 c4>c{b^ B(ay)S B {x" x')x) = S^ l { C (pc\B{B^B{axy)))x" x' 

by right-invariance of sf’B- Hence, b4>b\c ° c4>C = Sg 1 oc4>c\b ° B'f’- With Proposition 
13.2.21 the claim follows. □ 

3.2.4. Remark. (1) If there are sufficiently many partial integrals in the sense that 
(extensions of) the partial left integrals separate the points of B, which by Propo¬ 
sition [3JJ3] is equivalent to partial right integrals separating the points of C, then 
(13.911 implies that every partial left integral c4>C and every partial right integral 
b4>b is uniquely determined by the extension c<Pc\b or b^PbIci respectively. 

(2) In the proper and ergodic case, every partial left integral c<t>C determines a func¬ 
tional /is on B such that c<Pc\b{x) = hb{x)1 £ M(A), and every partial right 
integral sf’B determines a functional yc on C such that B'f’B\c(y) = Hc(y) 1 G 
M(A). Under the assumption in (1), c<Pc and B^B are uniquely determined by 
these functionals. 

3.3. Quasi-invariant base weights. Let A be a regular multiplier Hopf algebroid, not 
necessarily proper. To obtain total integrals on A, we compose partial integrals with 
suitable functionals y b an d yc ° n the base algebras B and C, respectively. On these 
functionals, we impose several conditions. 

3.3.1. Definition. A base weight for A is a pair of faithful functionals (ys,yc) on the 
algebras B and C, respectively. We call such a base weight 

(1) antipodal if ys ° Sc = yc and yc ° Sb = hB, 

(2) modular if ctb ■ = S^Sf. 1 and ac ■= SbSc axe modular automorphisms of ys 
and yc, respectively; 

(3) positive if A is a multiplier Hopf *-algebroid and y b and yc are positive. 
Conditon (1) is quite natural. Like (2), it implies 

hB = hB o S c o S B and y c = yc°S B °Sc. (3.10) 

We shall later introduce another condition, counitality, which implies condition (2) and 
in the unital case also (1). 

3.3.2. Definition. We call a base weight (yB,yc) quasi-invariant with respect to 

(1) a partial left integral c4>C if the functional <p := yc ° c4>C can be written 

<P = hB ° B<f> = /LB o 4>b (3-11) 

with maps B(p € Horn (bA,bB) and <pB £ Horn (Ab,Bb); 

(2) a partial right integral sf’B if the functional if := ys ° B'f’B can be written 

ip = yc ° cf) = HC ° ipC (3.12) 

with maps c'f’ G Horn (cA,cC) and ipc € Horn (Ac,Cc). 

We call a functional cp or ip of the form above a total left or total right integral. 

We next consider some special cases and examples. In these examples, we shall fre¬ 
quently deduce quasi-invariance from the existence of certain modular multipliers: 
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3.3.3. Lemma. Let c(fc be a partial left and B'f’B a partial right integral for A. Suppose 
that nc) is a base weight and that there exist invertible multipliers 6 £ R(A), 6' £ 
L(A) such that the functionals <f := pc ° c4>C and if := ps ° B'f’B satisfy 

if(a5) = 4>(a) = if(5'a) 

for all a £ A. Then (ps, he) is quasi-invariant with respect to c4>c and s'f’B- 

Proof. The maps <t>B, C'f’i V’C defined by the formulas B<P(a) ■ = B'f-’Biad), 4 >b ■ = 
Bil’B(b'a), c'f’i.a) := c<fc{a5^) and ifc(a) : = c4 , c{^'~ 1 a) satisfy (13.IIP and (j3. 12|) . □ 

Under suitable assumptions, a converse holds; see Corollary 16.2.11 and Theorem 16.3.11 
In the proper case, quasi-invariant base weights can be constructed by an analogue of 
m Proposition 3.6] from functionals on the orbit algebra O = M(B) fl M(C). If A is 
also ergodic, this choice picks just a scalar; see Remark 13.2.41 

3.3.4. Lemma. Let A be a proper regular multiplier Hopf algebroid with a partial left 
integral c&C: a partial right integral b^b and a faithful functional r on its orbit algebra. 
Suppose that the extensions c4>c\ B and sf-’B \ c are faithful. 

(1) The functionals ps '■= T ° c4>c\ B an d PC '■= t o B if B \ c form a base weight and 

Pb ° b4>b = he ° c4>c- 

In particular, (pB,pc) is quasi-invariant, with respect to c4>C and b^b- 

(2) This base weight is antipodal if and only if S' -1 oq^qoS = b^b = Sop^oS 1 ' 1 . 

Proof. (1) First, observe that the functionals p.B and pc are faithful. For example, if 
Hb{xx') = 0 for some x £ B and all x' £ B, then T(c c t > c\B(xx')z) = p B {xx'z) = 0 for all 
z € O and by faithfulness of r and c't’Ci we first conclude that c4>c\b{xx') = 0 for all 
x' £ B and then that x = 0. 

Next, Proposition 13.2.31 (2) implies 

PC ° C&C = r o si’B \ c ° c4>c = r o c4>C \ B ° B'f’B = PB ° B^’B- 
(2) Suppose that (pB,pc) is antipodal. Then by Proposition 13.2.21 

T{zccfc{Sc{y))) = pB{S c (zy)) = pc(zy) = r{z B ^B{y)) 

for all z £ O and y £ C, whence c ( fc\ B ° Sc = b^’b\ c - By Proposition 13.1.31 (3), 13.2.21 
and Remark l3.2.4l (Th we can conclude that S’ -1 o c4>c°S = B'f’B- Similarly, the relation 
Pb ° S^, 1 = pc implies that S 1-1 o c4>C ° S = B'f’B- 

The converse implication follows easily from the definitions and Proposition 13.2/21 □ 

In the case of regular multiplier Hopf algebroids arising from weak multiplier Hopf 
algebras as in Example 12.4.21 there exists a canonical base weight which satisfies all of 
our conditions. 

3.3.5. Lemma. Suppose that A is a regular multiplier Hopf algebroid associated to a 
regular weak multiplier Hopf algebra (A , A). 

(1) The functionals on B = e s (^4) and C = £t(A) defined by 

p B (e s (a)) = e(a) and p c (E t (a)) = e(a) (3.13) 

form an antipodal, modular base weight that is quasi-invariant with respect to 
every partial integral. 
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(2) The assignment cfic | —>• he ° cfic defines a bijection between all partial left 
integrals cfic an d all functionals fi on A satisfying 

(t <8> fi)((b <8> l)A(a)) = (i <8 fi)((b <8> a)E ) for all a,b € A, 

where E = A(l) € M(B <S> C) is the canonical separability idempotent of {A, A). 

Assertion (1) is a particular case of a more general result, see Example 13.4.31 and the 
comments there. Of course, (2) has an analogue for right integrals. 

Proof. (1) The results in |22, Propositions 1.7, 2.1 and 4.8] and the remarks following 
Definition 2.2 in |22] show that the functionals mb and mc form an antipodal, modular 
base weight and that the separability idempotent E satisfies 

(mb ® d){E) = tc, (i<8> hc)(E) = lb, (3.14) 

(mb ® i){E{x <8 1)) = Ss(x), (a<8>mc0((1 ®y)E) = Sc(y). (3.15) 

Let cfic be a partial left integral, write fi = Me ° cfic and define b4>, 4>b '■ A —> M(B) 

by 

4>b{cl) ■= {fi ® Sc)({a <8> 1 )E), B<t>(a) ■= {fi <8> Sfi 1 ){E{a <8> 1)). 

These maps take values in B because (a®l)E and E{a( 8> 1) lie in A<S)C. By antipodality 
of (mb,Mc) and by (I3.14[) , 

MbW>b(o)) = {fi <8> pc) {{a ® 1 )E) = fi{a) = {fi <8> y c ){E{a ® 1)) = y B {Bfi{a))- 
Moreover, by (13.1511 . 

(j)B{aS c {y)) = {fi <8> S c ){{aS c {y) <8 1)E) 

= (</> ® *5c)((a 8 y)£) = (0 ® 5 c )((a <8 l)E)5 c (y) = fiB{a)S c {y), 

and a similar calculation shows that sfi{xa) = xsfi{o.) for all a € A, x € B. 

A similar argument shows that (mb> Me) is quasi-invariant with respect to every partial 
right integral. 

(2) Let 0 be a functional on A. A similar argument as above shows that we can write 
fi = yc ° fic with some fie £ Hom(Ac, Cq). Let now a,b € A and write 

(a <8 1) A(6) = '^2 °i ® di 

i 

with Cj, di € A. Then (a (8 l)Ac(6) = c* <8 di € C A <8 A c . Since A(b) = A (b)E and 
fi{ey) = yc(fic(e)y) for all e € A and y € C, 

(l (8) <£)((a (8> 1)A(6)) = <8> fi){{ci <8 dj)E) = ^ cfii <8 Mc)((l <8 fic(di))E). 

i i 

But (|3.15p implies that (i<8mc)((1 < 8 ) fic{di))E) = Sc{fic{di)) and hence 

(t <8> fi){{a (8> 1)A(6)) = ^2 c iSc(fic(di)) = (t <8 fic) {{a <8 l)Ac(6)). 

i 

On the other hand, a similar calculation shows that (t <8 fi){{a <8 6)E) = aSc{fic{b ))• 
The assertion follows. □ 

Let us next consider the examples introduced in Subsection 12.41 
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3.3.6. Example. Consider the function algebra of a locally compact, etale Hausdorff 
groupoid G; see Example 12.4.31 Suppose that /r is a Radon measure on the space of units 
G° with full support. Then the functionals fj ,b and fic given on B = s*(C c (G 0 )) and 
C = t*(C c (G 0 )) by 


/R? («*(/))= / f dn = nc{t*{f)) 


I go 


(3.16) 


for all / £ C c (G°) form an antipodal, modular, positive base weight. 

Consider the partial left integral c&C and the partial right integral b^b given by 


(c^c(/))(7) = Y (b^b(/))(7) = Y /(V)- 


(3.17) 


7'e G 

i( 7 ')=t( 7 ) 


7'e G 

s( 7 ')=s( 7 ) 


The compositions (j) := nc ° C^C and i/j := /r b ° B^B correspond to integration with 
respect to the measures u and i' -1 on G defined by 

[ fdv = (j)(f)= f Y /(7)d/i(«), / /dz2 -1 = ip(f) = j Y /(7)d/i(«). 

J G J G ® / \ j G J G® / \ 


r( / y)=u 


s( r y)=u 


(3.18) 

Assume that the measure [i on G° is continuously quasi-invariant in the sense that 
the measures u and z/ _1 on G are related by a continuous Radon-Nikodym derivative, 

v = Dv^ 1 for some D £ C{G ). 


Then 4>(f) = ip(fD) for all f £ C c (G) and hence (fiBif-c) is quasi-invariant with respect 
to c&C and b^b- Conversely, we shall see in Example 16.3.31 that if (fiBil^c) is quasi¬ 
invariant with respect to c^C (° r b^b), then /r is continuously quasi-invariant. 


3.3.7. Example. Let G be as above and consider the convolution algebra C c (G) as in 
Example 12.4.41 Suppose that fj, is a Radon measure on the space of units G° with full 
support and consider the functional 

fr. C c (G°) -A- C, /-> [ fdfi. (3.19) 

Jg° 

Since both base algebras B and C coincide with C c (G°), the pair (fi, ft) is an antipodal, 
modular, positive base weight, and quasi-invariant with respect to every partial integral. 


In the following example, we use the preorder < on B y defined in (11.61) . 

3.3.8. Example. Consider a tensor product A = C <8> B as discussed in Example 12.4.51 
and the partial integrals 

c4>c ^ := £ v: A —> C, b^b* : = w ® t : A —> B 

associated to arbitrary functionals v and u on B and C, respectively, as in Example 
13.1.71 Then a base weight {hb^c) is quasi-invariant with respect to c4>c * d and only if 
v < /as- Indeed, if v < ^b and 5 £ R(B ) and 5' £ L(B ) are as in Lemma [1.0. 11 then 

nc{.c4>c\y ® ®)) = vc(y)v(x) = n B (xnc(y)S) = n B {fJ-c(y)S , x), 
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and the maps b4>'- D®x i-a yc(y)xd and cps ■ y®x i-a yc(y)d'x satisfy (13.1011 . Conversely, 
if {ys,yc) is quasi-invariant with respect to c4>c^ aR d if y £ C is chosen such that 
yc(y) = 1, then the formulas 

x5 := B <P{y <8> x ) and S'x := (pBpy <8> x) 

define a right and a left multiplier of B such that / lb{x5 ) = v(x) = ysi^'x). 

Similarly, (yB,yc) is quasi-invariant with respect to if and only if u < yc- 

3.3.9. Example. Consider a symmetric crossed product A = CffH as discussed in 
Example 12.4.61 Suppose that y is a faithful functional on C and that <pn is a left and 
ipH is a right integral on (H,Ah). Then (y, y) is an antipodal, modular base weight 
and as such quasi-invariant with respect to the partial integrals c4>C and BipB defined in 
Example l3.1.81 Indeed by |2X, Theorem 3.7, Propositions 3.10, 3.12], there exist invertible 
multipliers 5h,5' h such that ipH = $h ■ 4>h = 4>h ■ S' H , the compositions <p = y o c4>C and 
ip = yo B ipB then satisfy 

ip(yhd H ) = n{y)ipH{h5 H ) = fx(y)<j> H (h ) = <p{yh) 

for all y G C and h £ H, and a similar calculation using ()3.8I) shows that <p ■ 5' H = ip. 
Now, quasi-invariance follows from Lemma 13.3.31 

3.3.10. Example. Consider a two-sided crossed product A = CffHfpB as discussed in 
Example [2321 Suppose that ys and yc are faithful functionals on B and C, respectively, 
which are iL-invariant in the sense that 

hc{h >y) = £H(h)nc(y), Vb{x <h) = £ H {h)y B (x) (3.20) 

for all y € C , x 6 B and h € H. Then the base weight (yB,yc) is quasi-invariant with 

respect to the partial integrals c(pC and B'f’B defined by 

C<t>c{yhx) := y(p H (h)ix B (x) and BipBpyhx) := y c (y)(pH(h)x; 

see also Example 13.1.91 Indeed if 5h,5'h £ M(H) are as in the preceding example, 

then (13.201) implies that the compositions (p = he ° cf’C and V’ = hB ° B^pB satisfy 
4>(a) = ip(a8n) = ip(8' H a) i° r a ii a, £ A, and quasi-invariance follows from Lemma [3.3.31 

3.4. Factorizable functionals. We now focus on the algebraic aspects of the quasi¬ 
invariance condition introduced above. The proper context for this are functionals on 
bimodules. For the moment, B and C denote arbitrary non-degenerate, idempotent 
algebras, not necessarily coming from a regular multiplier Hopf algebroid. 

3.4.1. Definition. Let B and C be non-degenerate, idempotent algebras with faithful 
functionals ys and yc, respectively, and let M be an idempotent B-C-bimodule. We 
call a functional oj € M v factorizable (with respect to ys and yc) tf there exist maps 
boj £ Horn (bM,bB) and ojc £ Horn (Mc,Cc) such that 

y B ° bu = u = yc °uc- (3.21) 

We denote by M u C M v the subspace of all such factorizable functionals. 


















24 


THOMAS TIMMERMANN 


Using the fact that [Ib and f±c are faithful and that the bimodule M is idempotent, 
one can reformulate the condition above as follows. A functional cm G M v is factorizable 
if and only if there exist maps gw: M -G B and u>c : M —> C such that 

u(xm ) = and to{my) = p,e{wc{jn)y) 

for all x G B, y G C and m G M. Note that such maps, if they exist, are uniquely 
determined by cm. 

The assignment M H > M u is functorial. Indeed, if T: M —> N is a morphism of 
idempotent S-C-bimodules, then the dual map T v : N v —>• M v restricts to a map 

T u : N u M u , w^uoT. 

The key property of factorizable functionals is that one can form slice maps and tensor 
products for such functionals as follows. 

3.4.2. Lemma. Let sMe be an idempotent B-C-bimodule and cNd an idempotent C-D- 
bimodule, where B,C,D are non-degenerate, idempotent algebras with faithful functionals 
Hb, he, ho, respectively, and consider the balanced tensor product bMc 0 C^D■ Suppose 
that v G M v and cm G IV v are factorizable. 

(1) The formulas 

(v 0 i){m 0 n) := vc(m)n, (c 0 uj)(m 0 n) := mcoj{n ) 

mc mc 

define m.orphisms of modules 

v 0 c: Me 0 c^d No, t 0 cm: bMq 0 cN —> bM. 

mc Me 

(2) The formula 

(v 0) u)(m <8m) = pc(vc(m)cu(n)) 

MC 

defines a factorizable functional v <8> cm on Me 0 cN N, and 

MC 

b{v 0 cm) = bv o (<■ <8> w), (n 0 iv)d = cm d ° (v <8> c). 

MC MC MC MC 

The proof is straightforward and left to the reader. Note that 

v o (c <8) cm) = (v <8> cm) = cm o (v <8> c). 

MC MC MC 

Clearly, the product (u, cm) h >• v 0 cm is associative and unital in the sense that if v,t m 

Me 

are as above and 0 is a factorizable functional on an idempotent D-U-bimodule O, where 
E is a non-degenerate, idempotent algebra with a fixed faithful functional, then 

((v <8> cm) <8> 6)((m <8> n) 0 6) = uj(vc(m) ■ n ■ d9(o)) = (v <8) (cm 0 9)){m 0 (n 0 o)), 

MC Mo MC Mn 

(hB < 8 > v)(b<Si m) = v(bm), {v 0 /etc) (to 0 c) = v(mc ) 

Ms Me 

for all to G M, n £ N and oGO. 
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3.4.3. Example. Assume that B and C are separable Frobenius algebras with separating 
linear functionals p g and iq , respectively, as defined in [ 22] ; see also Section 26 in [6]. 
Then similar arguments as in the proof of Lemma [3.3.51 show that every linear functional 
on an indempotent, non-degenerate R-U-bimodule is factorizable; see also |3[ Proposition 
3.3], 

Of particular interest for us is the case where the fixed functionals pb and pc admit 
modular automorphisms. Regard M v as an M(C)-M(B)- bimodule. 

3.4.4. Lemma. Assume that p b and pc admit modular automorphisms as and oq, 
respectively. Then M u is an M(C)-M(B)-sub-bimodule o/M v . 

Proof. Let u G M u and Xo G M(B). Then co(xomy) = pc(aJc(xom)y) and 
Lo(x 0 xm ) = u(xox B aj(m)) = p B {x B uj(m)a B (x 0 )) 
for all x G B, m G M, y G C, showing that the functional ojxq is factorizable and 
g(cux 0 )(m) = gw(m)crg(x 0 ), (ui 0 )cH = u c (mx 0 ). 

A similar argument shows that uyo is factorizable for every yo G M(C ) and that 

b{vo ui)(m) = bwHo), (y 0 uj)c{m) = a^ 1 (y)uj c (m). □ 

3.4.5. Remark. In the situation above, suppose that y^uj = ujxq for some ui G M u , 
xq G M(B) and yo S M(C). Then the equations above imply that for all m G M, 

B uj(my 0 ) = B u(rn)a B (x 0 ), u c (x 0 m) = afi 1 (y 0 )uc(m). 

Under the assumptions above, the assignment M > M u becomes a functor from 
R-C-bimodules to C-R-bimodules or, equivalently, to R op -C' op -bimodules. Moreover, if 
we assume in the situation of Lemma 13.4.21 that the functionals HCihD an d Pe admit 

modular automorphisms, then the assignment v <8> u> e -> v ® uj factorizes to a morphism 

Me 

of R op -D op -bimodules 

b°p(M u )c°p ® c°p (N u )d°p ~t b°p{(Mc <S> cN) u )d° p- 

Finally, let us look at the factorizable functionals on bBb hi case where pb admits a 
modular automorphism. 

3.4.6. Example. Regard B as a R-bimodule and assume that ps admits a modular 
automorphism erg. Then for every multiplier T G M(B), the functional psT\ b —> 
PB(Tb), is factorizable, and the assignment T i —> psT defines a bijection between M(B ) 
and B u . This follows easily from Lemma l3.4.4l and ll.0.1l (2). 

We us now return to the discussion of base weights and integrals. Let 

A = (A,B 1 C,S b ,Sc,Ab,A c ) 

be a regular multiplier Hopf algebroid with an antipodal base weight ( Pb,Pc )■ 

3.4.7. Lemma. A functional u G A v is factorizable as a functional on the B-bimodule 
bAb and on the C-bimodule c-^-C if and only if it is factorizable as a functional on the 
B-bimodule bA b and on the C-bimodule c Aq- 

Proof. This is straightforward. □ 
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3.4.8. Definition. We call a functional uj £ A v factorizable (with respect to (yBiHc)) 
if it satisfies the equivalent conditions in Lemma \3-4 -"4 bVe denote by A u C A v the 
subspace of all such factorizable functionals. 


3.4.1. Remarks. (1) The definition of quasi-invariance can now be reformulated as 
follows. The base weight (fiB,Pc) is quasi-invariant with respect to a partial 
left integral cf’C ( or a partial right integral b^b) if and only if the functional 
<f> := nc ° c4>C (or if := hb ° B'f’B) i s factorizable. 

(2) If A arises from a regular weak multiplier Hopf algebra (A, A) as in Example 
12.4.21 then the base algebras B and C are Frobenius separable in the sense of |22| 
and every functional on A is factorizable; see Example 13.4.31 and Lemma 13.3.51 


The following auxiliary result will be used later. Denote by * the involution on C. 

3.4.9. Lemma. Let (yB,Pc) be an antipodal base weight for A and let uj £ A u . 

(1) Suppose that the base weight is modular. Let x. x' £ M(B), y,y' £ M(C ) and 
uj' := xy ■ uj ■ x'y'. Then uj’ £ A u and 

B u'{a) = Bu{y'axy)a B {x'), ^4(a) = (a B )~ 1 {x)u} B {x'y l ay), 

cu'{a) = cu{x'axy)a c {y'), ui' c (a ) = (<Jc)~ l {y)u c {x'y'ax). 

(2) Let k £ Z be odd and u / := u o S k . Then uj' £ A u and 

b (c*/) = S~ k ovc° S k , (uj')b = S~ k o qv o S k , 

c(w') = s~ k ov B o S k , ( J)c = s~ k o B v o S k . 

(3) Assume that A is a multiplier Hopf *-algebroid and that the base weight is positive. 
Then uj* := * o uj o * lies in A u and 


b(^*) = * o vb ° *i ( w *)B = * ° bv ° c( w *) = * ° vc ° ( w *)c = * o cv o *. 

Proof. Assertion (1) follows from Lemma [3.4.41 (2) from functoriality of the assignment 
M i—>• M u , and (3) is straightforward and left to the reader. □ 

3.4.10. Corollary. Let A be a regular multiplier Hopf algebroid A with an antipodal base 
weight (hb^c)- 

(1) If the base weight is modular, then all left (right) integrals form an M(B)-bimodule 
(M(C)-bimodule). 

(2) The maps (f i —> (f o S' ±1 are bijections between all left and all right integrals. 

Proof. This follows easily from Lemma 13.4.91 and Proposition 13.1.31 □ 


4. Uniqueness of integrals relative to a base weight 

Let Abe & regular multiplier Hopf algebroid with a modular base weight (yBihc) 
and a left integral cf. Then for every x £ M(B ), the rescaled functionals a i— > f(ax) 
and a i— > f(xa) are left integrals again by Corollary 13.4.101 We now show that under a 
certain non-degeneracy assumption on cf and local projectivity of A as a module over B 
and C, every left integral is of this form. Of course, a similar statement holds for right 
integrals. 
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4.1. The unital case. Let us first consider the case of a unital regular multiplier Hopf 
algebroid A with a base weight (hb,Hc) satisfying hb\o = Hc\<D, where O = B D C 
denotes the orbit algebra. For example, this relation holds for antipodal base weights by 
Proposition 13.2.21 and for the base weights constructed in Lemma [3.3.41 

4.1.1. Lemma. Let <p be a left and if a right integral for [A, hb, He)- Then for all a € A, 

V’(ob</>(1)) = ip{cp B {\)a) = = (p{ipc{T)a). (4.1) 

Proof. By definition of B (p and of <p B , we can write cp( B ip B (a)) in the form 

Hb{biPb{o)b(P(X)) = ip(a B cp(l)) or H B ((pB{T) B ip B (a)) = ip((p B {T)a). 

Similarly, we can write ip(c4>c(o-)) hi the form Hc(' 1 Pc(1)c4 , c(c l )) or /^c(c</ , c(a)c'V ; ( a ))- 
Now, (14.11) follows because by Propositon 13.2.31 

(p 0 BlpB = he 0 c4>c 0 B'f’B = HB 0 B^pB 0 c4>C = Ip 0 c4>C■ □ 

We can now conclude the following equivalence: 

4.1.2. Lemma. Suppose that the base weight ( HBiHC ) is antipodal. Then for every func¬ 
tional h on A, the following conditions are equivalent: 

(1) h is a left integral and h\ B = HBi 

(2) h is a right integral and h\c = He- 

If these conditions hold, then h = ho S, and with r := Hb\o = Hc\o> we have 

chc( 1) = 1, B h B { 1) = 1, Hb = ro c hc\ B , hC = To B h B \c- 

Proof. Suppose that (1) holds. Since hb is faithful and p, B {x) = h(x) = fi B (,h B (l)x) = 
pL B (x B h(l)) for all x £ B, we must have h B ( 1) = 1 = B h( 1). By Corollary 13.4.101 
ip h o S is a right integral and by Lemma 13.4.91 c'f’iX) = 1 = ipc{L). In particular, 
ip\c = He- Now, 'ip = h by Lemma [4. 1.21 and (2) follows. The reverse implication follows 
similarly. □ 

4.1.3. Definition. Let A be a unital regular multiplier Hopf algebroid with an antipodal 
base weight {hb,Hc)- We call a functional h on A a Haar integral for [A, hb,Hc) if it 
satisfies the equivalent conditions in Lemma \4-1.2 1 

4.1.4. Example. Suppose that c<Pc is a partial left integral on a unital regular multiplier 
Hopf algebroid A such that c<PciX) = 1, c<Pc°S 2 = S 2 ocf’C an d c<Pc\b is faithful. Let 
BipB = S o £(pc o S^ 1 and choose a faithful functional r on the orbit algebra O. Then 
Hb ■= t o c4>c\b an d nc := t o B ip B \c form an antipodal base weight by Lemma 13.3.41 
and (p = HC 0 c4>C is a Haar integral. 

The preceding results immediately imply the following uniqueness result: 

4.1.5. Corollary. Let A be a unital regular multiplier Hopf algebroid with an antipodal 
base weight (hb, He)- If a Haar integral h exists, then it is unique, and then 

h{a B cp{ 1)) = <p{a) = h(cp B (l)a) and h{acip{ 1)) = h{a) = h{ipc(T)a) 

for every left integral <p, every right integral ip and all a £ A. 

Proof. Combine Lemmas 14.1.11 and 14.1.21 □ 
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4.2. Uniqueness of integrals. Let us now consider the general case. The first step 
towards the proof of uniqueness is the following result. 

4.2.1. Lemma. Let <p be a left and if a right integral on a regular multiplier Hopf algebroid 
A with antipodal base weight. Then 

(A B cf(A)) ■ if = (A c if{A)) ■ cf and if ■ (<j> B (A)A) = <f ■ (if c (A)A). 

Proof. We only prove the first equation. Let a £ A and b <8 c € B A <8 A B and write 

b®c = A B (dj)(l <g> ef) = A B (f j )(g j (8) 1) 

i j 

with di,ei,fj,gj £ A. Then (if (8 <p)(A B (a)(b ® c)) is equal to 

>> <8 <j>){A B {adi)(l <8 e*))) = ^ if(ad iB (f(ei)) 

i ^ B i i 

because if is a right integral, and to 

<8 <£)(A B (afj){gj <8 1))) = ^ if( C (fc(afj)gj) = ^2f(af jC if(gj)) 

3 3 3 

because cf is a left integral. Since the maps T\ and T p are bijective, we can conclude that 
(A b 4>{A)) ■ if = (A c if(A)) ■ cf. □ 

The preceding result suggests to consider the following non-degeneracy condition. 

4.2.2. Definition. Let A be a regular multiplier Hopf algebroid with an antipodal base 
weight {g B ,gc)- We call a left integral cf (right integral if) for (A, g B , gc) full */ B(f an d 
cf B (c'f’ an d V’C; respectively) are surjective. 

4.2.3. Remark. Note that a; is a full left or right integral, then the right or left integrals 
ui o S and co o S _1 are full again by Lemma [3.4.91 (2). 

We obtain the following corollaries, which involve the relation (11.61) on A v : 

4.2.4. Proposition. Let oj and uj 1 be left or right integrals on a regular multiplier Hopf 
algebroid A with a fixed antipodal base weight. If uj is full, then u' < lo. 

Proof. This follows immediately from the preceding result. □ 

4.2.5. Proposition. For every full left integral cf and every full right integral if on a 
regular multiplier Hopf algebroid A with a fixed antipodal base weight, the partial integrals 
C(fc an d B if B are surjective. 

Proof. Suppose that (f is a full left integral. Then if := d> o S is a full right integral and 
A<f = Aif by Proposition 14.2.41 Let a,b £ A and choose c £ A such that c ■ cf = b ■ if . 
Then c"0 / (a6) = c(fc{ a( f- Therefore, C = cffA) = c(fc(A). A similar argument shows 
that B if B (A) = B for every right integral if. □ 


To show that integrals are unique up to scaling, we need some further preparations. 


4.2.6. Lemma. Let cf be a left and if a right integral for a regular multiplier Hopf algebroid 
A with a modular base weight. Then for all x £ B and y £ C, 


(f-y = S 2 (y) ■ cf 


x ■ if = if ■ S 2 (x). 


and 






INTEGRATION ON ALGEBRAIC QUANTUM GROUPOIDS 


29 


Proof. We only prove the first assertion. If (p B ,pc) denotes the base weight and a € A, 
y € C, then 4>(ya) = pc(yc4>c(a)) = Pc(c4>c(a)S 2 {y)) = 4>(aS 2 (y)). □ 

To prove the desired uniqueness result for integrals, we need a further assumption. 
Let M be a right module over an algebra D. Recall that M is called firm if the 
multiplication map induces an isomorphism Mo <g> b D —> M. and locally projective 
[26] if for every finite number of elements m\,... ,mk £ M, there exist finitely many 
Vi £ Horn (Mo, Dq) and e* £ Horn {Du, Mr,) such that mj = f° r a d 

j = The corresponding definition for left modules is obvious. The algebra D 

is firm if it is so as a right (or, equivalently, as a left) module over itself. The following 
results may be well-known, but we could not find a reference and leave the straightforward 
proof to the reader. 

4.2.7. Lemma. Let D be a firm algebra. 

(1) Every idempotent, locally projective right D-module is firm. 

(2) Let Mo be a locally projective right D-module, £>iV a firm left D-module, and 
suppose that the set of maps P C Horn (dN, dD) separates the points of N. Then 
the slice maps 

m®n4mu(n), 

where uj £ P, separate the points of Mo <8> dN■ 

4.2.8. Definition. We call a regular multiplier Hopf algebroid ( A , B, C, S B , Sc, A b, A c) 
locally projective if the algebras B and C are firm and the modules B A, A B ,cA, Ac are 
locally projective. 

4.2.9. Theorem. Let A be a locally projective regular multiplier Hopf algebroid with mod¬ 
ular base weight (ps, Pc)- Then for every full and faithful left integral <f for (A, ps, pc)> 

M{B) ■ <f = {left integrals <f>' for (A, ps, Pc)} = 0 ■ AI(B), 

and for every full and faithful right integral if for (A, ps, pc), 

M{C) ■ if = {right integrals fit for [A, ps, Pc)} = V’ • M{C). 

Proof. We only prove the assertion concerning a full and faithful left integral <fi. 

Every element of M(B) ■ <f> and of (j) ■ M(B) is a left integral by Corollary 13.4.101 
Conversely, assume that <$ is a left integral on A. By Proposition 14.2.41 and Lemma 
[mi there exist a unique multipliers a £ L(A) and fi £ R(A) such that a-<f> = cfi = <p-(3. 
The multiplier ft commutes with C because (j> is faithful and by Lemma 14.2.61 

fiy = cfi ■ y = S 2 {y) ■ cfi = S 2 {y) ■ = cf-yfi 

for all y £ C, and similarly, a commutes with C. 

Choose a full left integral if, for example, (j> o S. We will show that for all a, b € A, 

a B fi B {fi)a = a B fi>B{ba), fi B ^B{b)a = B if B {fib)a. (4.2) 

These equations imply Ba C B and f3B C B. We then conclude, similarly as in the 
proof of Lemma ll. 0.11 (2), that 

p B (xaS~ 2 (0s(a))) = p B {4>B(o.)xa) = < f(axa) 

= <j)(/3ax) = p B {(f>B{fici)x) = p B {xS~ 2 {(t> B {fia))) 
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for all a G A, x G B. Since p B is faithful and </> is full, this relation implies aB C B, 
that is, a C M(B). A similar argument shows that also /3 G M(B). 

Therefore, we only need to prove (14.21) . We focus on the second equation; the first 
equation follows similarly. Let a,b £ A. Since c4>'c = c4>C • P and cf’C are partial left 
inegrals, 

(t 0 S B l o C (j) C o f3)(A B (b)(a 0 1)) = c<t>c{fib)a = (i 0) S^ 1 o c ^ c )(A c (^)(a 0 1)). 

Since T\ is surjective, we can conclude 

(t 0 Sg 1 o C (j) C o j3)(A B (b)(a 0 cd)) = (t 0 o c <t>c)(&B{Pb){a 0 cd)) 

for all a, b,c,d € A. Since cj) is faithful and A non-degenerate, maps of the form d • c^c 
separate the points of A. By assumption and Lemma 14.2.71 slice maps of the form 
l (g> Sg l o (d • c4>c) separate the points of B A <g> A B . Consequently, 

(t 0 f3)(A B (b)(l <S> c)) = A B (/3b)(l 0 c) for all a, 6, d G A. 

Proposition 13.1.41 now implies /3 G M(B). □ 

For every full and faithful left integral, we thus obtain bijections between A1(B) and 
the space of left integrals, and between invertible multipliers of B and full and faithful 
left integrals. Of course, a similar remark applies right integrals. 

5. COUNITAL BASE WEIGHTS AND MEASURED MULTIPLIER HOPF ALGEBROIDS 

We now introduce the missing last assumption on our base weights, which is existence 
of a factorizable counit functional. This condition appeared in a related context in j!9| 
and implies a much closer relation between the left and the right comultiplication of a 
regular multiplier Hopf algebroid than the mixed co-associativity condition alone. After 
a discussion of this condition, we finally define the notion of a measured regular multiplier 
Hopf algebroid and look at examples. 

5.1. Counital base weights. Let A = (A, B, C, S Bl Sc, A B , Ac) be a regular multi¬ 
plier Hopf algebroid with antipode S , left counit B e and right counit £q- 

5.1.1. Definition. A base weight (fi B ,fj,c) for A is counital if it is antipodal and satisfies 

^L B O B £ = HC 0£ C . (5.1) 

In this case, we call this composition the associated counit functional and denote it by e. 
We shall give examples in the next subsection and first discuss the condition above. 

5.1.1. Remarks. Let (fj, B ,p,c) be an antipodal base weight. 

(1) Relation (12.171) implies 

(p B o B e) o S = nc °£c, (/i c o£ C )o5 = /i B o B e, (5.2) 

so that (15.ip is equivalent to invariance of either sides under the antipode. Thus, 
the counit functional associated to a counital base weight is invariant under the 
antipode. 
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(2) Conversely, suppose that A is unital and (15.11) holds. Then (/i_b,//c) is antipodal 
because then b£(1a) = Is, £c{^a) = 1c and hence 

y c {S^ l {x)) = nc(ec(x)) = ^ b {b£{x)) = y B (x) 

for all x £ B and similarly fiB{S B 1 (y)) = yc(y) for all y € C. 

(3) Suppose that the base weight (yB,yc) is counital. Then the associated counit 
functional e is factorizable and the associated module maps are 

b£, £b = Sc o sc , c£ = Sb°b£, £c- (5-3) 

Indeed, (12.3p implies e{xa) = hb(xbe(ci)) and 

£{ax) = y, c {£c(ax)) = ii c {Sc l {x)£ C {a)) = y B (Sc(ec{a))x) 

for all a £ A and x £ B, and (12.91) implies e(ay) = yc^c{o)y) an d s(ya) = 
yc{yS b(e b(o))) for all a E A and y £ C. 

We can therefore form the relative tensor products £ <S> £ and e <S) £, which are 

mb _ Me 

functionals on A B <g> B A and A c < (g) C A , respectively, and (15.21) and (12.181) imply 
(e <g> e)(a <g> b) = e{ab) = (e ® e) (a ® b ) 

Ms MC 

for all o, b £ A. 

In the involutive case, m is equivalent to several natural conditions. 

5.1.2. Remarks. Suppose that A is a multiplier Hopf *-algebroid and that is 

positive and antipodal. 

(1) Equation (15.11) is equivalent to self-adjointness of either sides because by (12.191) . 

yB ° b£ ° * = Hb ° * ° Sc ° £c = * ° yc ° &C- 

(2) Equip B with the inner product ( x\x') := hb(x*x') and consider the map 

■kb- A —> End(R), ttb{cl)x := Be(a.r). 

This is a homomorphism because of (12.181) . Now, (15.11) holds if and only if 

(x\ttb(cl)x') = (7 tb(cl*)x\x') 

for all x, x' € B and a € A because the inner products above are given by 
Hb(x* B e(ax)) = (y B o B £){x*ax') 

and 

IJ,b(b£(cl*x)*x') = y B (x'* B £:(a*x))* = (* o y B o B £ o *)(x*ax'), 

respectively. Similarly, condition (15.11) can be reformulated in terms of the map 
7 Tc- A op -A End(C') given by TTc(a op )y := £c{ya) and the inner product on C 
induced by yc- 

Recall that without loss of generality, one can assume the left and the right counit of 
a regular multiplier Hopf algebroid to be surjective; see [18] Lemma 3.6 and 3.7]. 

5.1.2. Proposition. Suppose that A is a regular multiplier Hopf algebroid with surjective 
left and surjective right counit. Then every counital base weight for A is modular. 
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Proof. We only show that S^Sq 1 is a modular automorphism of p B . Let x € B and 
a € A. Then (12.181) implies 

/i B (r B e(a)) = // B ( B £(sa)) = pc{ec{xa)) 

= {x)a)) 

= iiB{B£{S^ 1 {x)a)) = ii B {Be{a)S^ B 1 {S^ 1 {x))). □ 

The preceding result fits with the theory of measured quantum groupoids, where the 
square of the antipode generates the scaling group and the latter restricts to the modular 
automorphism groups on the base algebras, that is, in the notation of [3], S 2 = T t and 
Tt o a = a o af , r t o (3 = f3 o a u . 

5.2. Measured regular multiplier Hopf algebroids. We have now gathered all in¬ 
gredients and assumptions to define the main objects of interest of this article. 

5.2.1. Definition. A measured regular multiplier Hopf algebroid consists of a regular 
multiplier Hopf algebroid A, a base weight (p B , Pc)> a faithful partial right integral B ifs 
and a faithful partial left integral c4>c such that 

(1) the base weight is counital, and quasi-invariant with respect to B ifs and cf’Ct 

(2) the right integral if := p B ° B'f’B and the left integral cf := pc ° c4>C are full. 

We call it a measured multiplier Hopf ^-algebroid if additionally A is a multiplier Hopf 
*-algebroid and the functionals p B , pc,(f,if are positive. 

Faithfulness of if and (f , and hence also of B if B and c&Ci follows from the other 
assumptions if A is locally projective as a module over B and C, as we shall see in 
Theorem 16.4.11 

Let us consider our list of examples. 

5.2.2. Example. Consider the regular multiplier Hopf algebroid associated to a regular 
weak multiplier Hopf algebra ( A , A) as in Example 12.4.21 Then the base weight in (13.131) 
is counital because it is antipodal and the left and the right counit of A are given by 
B e = o e t and ec = S' -1 o e s , respectively. The associated counit functional is just 
the counit of ( A , A). 

5.2.3. Example. Let G be a locally compact, etale Hausdorff groupoid with a Radon 
measure p on the space of units G° that has full support and is continuously quasi¬ 
invariant as in Example 13.3.61 Then the multiplier Hopf *-algebroid A of functions on G 
defined in Example 12. 4. 31 together with the base weight (p B , pc) and the partial integrals 
C(fc an d B'i/’s defined in (13.171) forms a measured multiplier Hopf *-algebroid. Indeed, 
the base weight ( Pb,Pc ) is counital and its the associated counit functional is given by 

£(/)=/ f\c<>dp, 

■Jg° 

and the integrals (f and if are given easily seen to be full and faithful. 

5.2.4. Example. Let G and p be as above and consider the multiplier Hopf *-algebroid 
A associated to the convolution algebra A = C c (G ) as in Example 12.4.41 Then the base 
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weight associated to /j as in Example 13.3.71 is counital if and only if for every 

/ £ C c (G), the integrals 


Ks i U))= [ X and A(£c(/)) 

G ° t(7)=“ 


X] /(7)dM«) 

s(-y)=n 


coincide, that is, if and only if p is invariant in sense of (T21 Definition 3.12]. If this 
condition holds, then together with the partial integral 

b$b = c&c' C c (G) —>■ C c (G°), f^f\ G o, 

we obtain a measured multiplier Hopf *-algebroid again; see also Example 13.1.61 and 13. 3. 71 
Invariance of the measure h on G° is a rather strong condition, and in subsection 18.11 
we shall see that after a slight modification of the multiplier Hopf *-algebroid, it suffices 
to assume p to be continuously quasi-invariant in the sense defined in Example 13.3.61 


5.2.5. Example. Consider the tensor product A = C ® B discussed in Example 12.4.51 In 
this case, an antipodal base weight (hb, He) is counital if and only if the two expressions 

HB{B£{y®x)) = HB{xS] 3 1 {y)) and Hci^civ ® x)) = Hc(S^ 1 (x)y) 

coincide for all x £ B, y £ C, and therefore if and only if it is modular. Suppose that 
this condition holds. The maps 

c4>c '■= t <8> Hb ■ A —> C, b^b '■= HC ® t : A ^ B 

are left- and right-invariant, respectively, by Example 13.1.71 and the resulting integral 
cj) = ijj = o hb is full and faithful. We therefore obtain a measured regular multiplier 
Hopf algebroid again. 


5.2.6. Example. Consider the symmetric crossed product A = C^H introduced in 
Example 12.4.61 and let /ibea faithful functional on the algebra C. Then the base weight 
(H, h) is counital if and only if the expressions 

A*(b£(M) = /As £ ((fyi) > y)h(2))) = n{h > y) and H^c{hy)) = /r(y)e^(/i) 

coincide for all y £ C and h £ H, that is, if and only if h is invariant under the action 
of H. Suppose that this condition holds, and that <Ph is a left and tjjfj is a right integral 
on (H,Ah)- With the partial integrals c^C and B^B defined as in Example 13.1.81 we 
obtain a measured regular multiplier Hopf algebroid; see also Example 13.3.91 

Again, a weaker quasi-invariance condition on p turns out to be sufficient after a 
suitable modification of the multiplier Hopf algebroid, see subsection 18.21 


5.2.7. Example. Consider the two-sided crossed product A = C#H#B discussed in 
Example 12.4.71 In this case, an antipodal base weight ( HBiHC ) is counital if and only if 
the two expressions 

HB{B£{xhy)) = HB{xS~ l {h>y)) and Hc{ec{xhy)) = hc\S~ 1 (x <h)y) (5.4) 

coincide for all x £ B, h £ H and y £ C. Suppose that ( HB,HC ) is modular. Then 
HB{xS^{h > y)) = Hc({h > y)S(x)) = Hc{S~ l (x)(h > y)), 
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and then equality of the expressions in (15.41) is equivalent to invariance of pc and PB 
under H in the sense of (13.201) . Suppose that also this condition holds, and that (j>u is a 
left and is a right integral on ( H , Ah). Together with the partial integrals 

C^ciyhx) := y<j> H (h)fJ, B (x) and B^B{yhx) := p C (y)<l>H(h)x 

defined in Example 13.1.91 we obtain a measured regular multiplier Hopf algebroid; see 
also Example 13.3.101 

In subsection 18.31 we shall treat the case where pc and PC are only quasi-invariant 
with respect to the action of H. 

6. The key results on integration 

With all the assumptions in place, we now establish the key results on integration listed 
in the introduction — existence of a modular automorphism (subsection 16.11) , existence 
of a modular element (subsection 16.31) , and faithfulness of the integrals (subsection 16.41) . 
Along the way, we use and study left and right convolution operators naturally associated 
to factorizable functionals (subsection 16.21) . Here, the counitality assumption on the base 
weight comes into play, and ensures that the convolutions formed with respect to the left 
and with respect to the right comultiplication coincide; see Corollary 16.2.41 

6.1. Convolution operators and the modular automorphism. Let A be a regular 
multiplier Hopf algebroid with a counital base weight (/ '-Ib,Pc )• We show that integrals 
for (A,ps,Pc) which are full and faithful automatically admit modular automorphisms. 

As a tool, we use the following left convolution operators associated to elements gr £ 
{bA) w = Horn ( b A, b B) and v' B £ (A B ) V = Horn (A b ,B b ), 

A (bv) : A ->• L(A), A ( B v)(a)b = (bv 0 i)(A s (a)(l 0 b)), 

M v b) '■ A ->■ R(A), b\{v' B ){a) = (S^ 1 ov' B ® t)((l 0 b)A c (a)), 

and the following right convolution operators associated to elements c w € (cA) v = 
Horn (cA,cC) and oj' c £ (Ac) v = Hom(Ac, Cc), associated to maps 

p{cu ): A L(A), p( C Lo)(a)b = (i 0 S^ 1 o c u)(A B (a)(b 0 1)), 

p(lu' c ) : A ->• R(A), bp(J c )(a) = (i 0 u' c )((b 0 l)A c (a)). 

The notation above can be ambiguous for elements b^b £ Hom( s A s , and 

C^c G Horn ( c Ac, cC c ), and we shall always write p(bv), p(vb), A(pw) or X(ujc) to 
indicate which convolution operator we mean. This ambiguity will be resolved in Lemma 
16.1.11 (4) below. 

Let us collect a few easy observations. 

For all bb, v' B , , oj'c as above and a,c £ A, the multipliers 

A (c- B v)(a), A (v' B -c)(a), p(c- c id)(a), p(J c • c)(a) 

lie in A; for example, A(c ■ bv)(o) = (gr 0 i)(Ag(a)(c 0 1)). 

By Proposition 13.1.11 a map b^b £ ( B A B ) V i s a partial right integral if and only if 
the following equivalent conditions hold, 

ACbVO = sVh K^b) = V’B) A(a • Bip)(b) = S( \{^> B ■ b)(a)) for all a, b £ A. (6.1) 














INTEGRATION ON ALGEBRAIC QUANTUM GROUPOIDS 


35 


Similarly, c<fc £ (g^c) V a P ai 'tial left integral if and only if the following equivalent 
conditions hold: 

p(c4>) = c4>, p(4>c) = (fc, p((j>c-a){b) = S(p(b- c <j>)(a)) for all a,b <E A. (6.2) 

Finally, fl2.4|> and (12.1011 imply 

\( B e) = p(c £ ) = H £ b) = p( £ c) = L4, (6.3) 

where c £ = S B ° B £ and e B = Sc ° £ c- As before, e denotes the counit functional. 

6.1.1. Lemma. Let A be a regular multiplier Hopf algebroid with a countial base weight 
(pb j Pc) > let B v E A ■ ( B A) V , v' B € (A B ) V • A, c u G A - (cA) v and J c G (A c ) w • A, and 
write v := p B o B v, u := pic ° C^i, v' := p B o v' B , u' := pc ° w' c - Then 

(1) e o X( B v) = v, e o p( c u) =u, £ o X(v' B ) = v', e o p{u' c ) = J; 

(2) X( B v) and X(v B ) commute with both p(c w) and p(uj' c ); 

(3) v o p(cw) = oj o X( B v), v o p(uj' c ) = uj' o X( B v), v' o p(cov) = w ° X(v' B ) and 
v' o p(po'c ) = oJ o X(v B ). 

(4) Suppose that factorizable functionals separate the points of A. Then X( B v) = 
X(v' B ) whenever v = v', and p(c^) = p(^c) whenever oj = u /. 

Proof. The relations in (1) and (2) follow immediately from the counit property and the 
coassociativity conditions relating A B and A c, respectively. Combined, they imply 

v o p{c<A) = £ o X( b v) o p(cui) = £ o p(cw) o X( B v) = uj o X( B v) 

which is (3). Let us prove (4). Suppose that v = v'. Then the assumption and non¬ 
degeneracy of A imply that functionals of the form like u will separate the points of A, 
and by (3), uj o X( B v ) = v o p(cw) = v' o p(ccv) = u o X(v' B ), whence X( B v ) = X(v' B ). A 
similar argument proves the assertion concerning p(c^) and p(uj' c ). □ 

We proceed with the study of convolution operators in the next subsection. 

The next result is the key step towards the existence of modular automorphisms. 

6.1.2. Theorem. Let A be a regular multiplier Hopf algebroid with a counital base weight 
(p B , pc)- Then A ■ cf = <f ■ A for every full left integral cf and A ■ if = if ■ A for every full 
right integral if for (A, p B , pc)- 

Proof. We only prove the assertion concerning a full left integral <f>. Let if := <f>oS. Then 
if is a full right integral and A-cf = A-if by Proposition 14. 2. 41 We show that cf-A C A-if, 
and a similar argument proves the reverse inclusion. 

Let a,b,c G A. By Lemma [6.1.11 (3), 

((a • 4>) o A (if B ■ b))(c) = ((if ■ b) o p(a ■ c4>))(c) = ((S(b) ■ cj>) o S o p(a ■ c4>))(c)- 

Choose b' G A with S(b) ■ cf = b' ■ if and use (16.111 to rewrite the expression above in the 
form 

((b' ■ if) o p((f c ■ c))(a) = ((</> • c) o A (b' ■ B if))(a) 

= ((</>• c) o S o A (if B ■ a))(b') = ((S _1 (c) • if') o A (if B ■ a))(b'). 
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Choose d £ A with S 1 (c) • ip = d ■ <p and use Lemma 16.1.11 (3) again to rewrite this 
expression in the form 

((d • 4>) o A (ip B ■ a))(b') = {(ip ■ a) o p(d ■ c4>)W)- 

We thus obtain 

(p(X(ip B ■ b)(c)a) = ((a • (p) o \( B ip ■ b))(c) 

= (O • a) O p(d ■ c4>)){b’) = ip(ap(c' ■ c4>){b')). 

Here, b and c £ A were arbitrary, and the linear span of all elements of the form 
\(ip B ■ b)(c) = (Sq 1 oip B ® i)((b <g> l)Ac(c)) 

is equal to ASfd(ip B (^ 4)) = AC = A because \T and ip B are surjective. Thus, <p ■ A C 
A ■ ip = A ■ <p and consequently A ■ <f> = cp ■ A. □ 

6.1.3. Theorem. Let (A, p B , pc, BipB, C<Pc) be a measured regular multiplier Hopf alge- 
broid. Then cp and ip admit modular automorphisms a^ and , respectively, and 

a^\c = S 2 \ c , A b o^ = (S 2 ®^)oA b , A c o^ = (S 2 ®^)oA c , 

a^\ B = S~ 2 \ b , A b o^ = ((t^S- 2 )oAj3, A c o/ = (^®5- 2 )oA c . 

If A is locally projective, then a^(M(B)) = M(B) and a^(M(C)) = M(C). If these 
equations hold, then for all x £ M(B), y £ A1(C) and a £ A, 

(p B {xa) = ( S 2 o a‘ t> )(x)(pB(a), B (p(ax ) = B 0(a)(o^ o S 2 )^ 1 (x), (6.4) 

'ipc(ya) = (S~ 2 O a^)(y)ip c (a), c'lpi.ay) = c ip(a)(a^ o 5 _2 ) _1 (y). (6.5) 

Proof. From Theorem 16.1.21 we conclude existence of a unique bijection a^: A A such 
that cp-a = a^(a)-<p for all a € A. This map is easily seen to be an algebra automorphism. 
Lemma 14.2.61 implies that cr^(y) = S 2 (y) all y £ C. In particular, the tensor product 
S 2 <S> is well-defined on B A <S> A B and on c A ® A ( .. Two applications of (16.21) show 
that for all a,b £ A, 

p(cp ■ a)(a^(b)) = S(p(a^(b) ■ cp)(a)) = S(p(cp • b){a)) 

= S 2 (p(a ■ <p)(b)) = S 2 (p(((p ■ a) o </)(&)). 

Since a £ A was arbitrary, we can conclude the desired formulas for A B oand Aqou^. 

If A is locally projective, then the relation a^(M(B)) = M(B) follows immediately 
from the relation M(B ) • (p = <p ■ A 1(B) obtained in Theorem 14.2.91 

The last equations follow easily from Remark 13.4.51 □ 

Let us look at our examples again. 

6.1.4. Example. Let G be a locally compact, etale Hausdorff groupoid. Then the func¬ 
tion algebra C c (G ) is commutative and hence every integral is tracial. The case of the 
convolution algebra will be considered in subsection 18.11 

6.1.5. Example. For the measured regular multiplier Hopf algebroid associated to the 

tensor product A = C®B and suitable functionals p B and pc on B and C as in Example 
15.2.51 we have (p = ip = pc <8> p B and = S 2 <g) S~ 2 . 
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6.1.6. Example. For the measured regular multiplier Hopf algebroid associated to a 
symmetric crossed product A = CffH, a faithful, //-invariant functional /ionC and left 
and right integrals (pH and ipn of ( H , Ah) as in Example 15.2.61 the integrals </> and ip are 
given by 

(p(yh) = n(y)(j) H (h) = (p(hy), ip(yh) = fj,(y)ip H (h ) = ip{hy), 

for all y £ C and h £ H, see (13.8p . and hence their modular automorphisms are given by 
a^iyh) = ya H {h), g^( yh) = ya' H (h), 

where gh and a' H denote the modular automorphisms of (pH and ipn- 

6.1.7. Example. Consider the measured regular multiplier Hopf algebroid associated to 
the two-sided crossed product A = CffHffB, suitable //-invariant functionals hb and 
He on B and C and left and right integrals (pH and ipn of (//, A h) as in Example 15.2.71 
The left integral (p is given by 

<p{yhx) = nc{y)<pH{h) hb{x) 

for all y £ C, h £ H, x £ B. Let us compute its modular automorphism a By Lemma 
14.2.61 G < f’(y) = S 2 (y) for all y £ C. Denote by 5h the modular element of (pH, see ED 
Proposition 3.8]. Then (pH ° Sh = $h ■ (pH is right-invariant on H and hence ip 1 := Sh • (p 
is right-invariant; see also Example 15.2.71 The modular automorphism a of ip 1 satisfies 
a' q; ( x ) = S~ 2 (x) for all x € B by Lemma 14.2.61 again, and hence 

a^(x) = Sfl 1 <j^ ( x)5h = S~ 2 (x) < 5h- 

Finally, using //-invariance of yc an d V-B, we find 

(p{h'yhx) = Hc[y)(pH(h' h) hb{x) = nc(y)(pH(ha H (h'))HB(x ) = (p(yhxa H {h ')), 

where gh denotes the modular automorphism of (pH , and hence G^(h) = Gn(h). 

6.2. Convolution operators and the dual algebra. The results obtained so far im¬ 
mediately imply the existence of modular elements: 

6.2.1. Corollary. Let {A, hb, HC, B^pB, C(pc) be a measured regular multiplier Hopf alge¬ 
broid. Then there exists a unique invertible multiplier 5 € M(A) such that ip = 5 ■ (p. 

Proof. By Proposition 14.2.41 ip < (p and (p < ip, and by Theorem 16.1.31 (p and ip admit 
modular automorphisms. Now, apply Lemma II. 0. ll (2). □ 

To determine the behaviour of the comultiplication, counits and antipode on 5, we 
need a few more results on the convolution operators introduced above. 

Let {A, HB, He, BipB, c4>c) be a measured regular multiplier Hopf algebroid. Then 
Proposition 14.2.41 and Theorem 16.1.31 imply that the subspaces 

A • (p, (p ■ A, A ■ ip, ip ■ A 

of H v coincide, and Theorem 14.2.91 implies that it does not depend on the choice of c4>C 
and BipB■ Since (p,ip are factorizable, it follows that all functionals in the space 

A:=A-(p = (p-A = A- ip = ip-A 

are factorizable, that is, A C A u . Functionals in A naturally extend to M(A ): 


( 6 . 6 ) 
























38 


THOMAS TIMMERMANN 


6.2.2. Lemma. There exists a unique embedding j : A -A M(A) V such that 

j( a ■ 4>)(T) = 4>(Ta), j(0 ■ a){T) = 0(aT), j(a ■ if)(T) = if(Ta), j(0 • a){T) = if{aT) 
for every T G M(A) and a € A. 

Proof. The point is to show that the formulas given above are compatible in the sense 
that for each v G A, the extension j(v) is well-defined, and this can easily be done using 
Theorem 16.1.31 and Corollary 16.2.11 □ 

We henceforth regard elements of A as functionals on M(A ) without mentioning the 
embedding j explicitly. 

6.2.3. Proposition. Let (*4, p, B , PC, B^Bic4>c) be a measured regular multiplier Hopf 
algebroid. For every v G A u and b G A, there exist p(v)(b), X(v)(b) G M(A) such that 

p{v)(b) = p{v B ){b) in R{A), p{v){b) = p( B v)(b) in L(A), 

X(v)(b) = \(vc)(b) in R(A), A (v)(b) = A(cw)(fe) in L{A). 

Moreover, the following relations hold for all v G A u and uj G A: 

v o p(uj) = uj o X(v) G A u , p(v o p(tv)) = p(v)p(co), 

v o A(w) = uj o p(y ) G A u , X(v o A(a>)) = X(v)X(uo). 

Proof. Let v G A u , b G A and wGd. 

Since cf is faithful, elements of A C A u separate the points of A, and so Lemma 
16.1.11 141 implies A(sw)(6) = A(wb)( 6) and p(cu)(b) = p(ujc){b). We therefore drop the 
subscripts B and C and write A (a;) and p(uj) from now on. 

Suppose uj = ■ a with a G A. Then 

w(p(Tc)0)) = 4>(ap(vc)(b)) = (0 0 v)((a 0 1)A C (6)) = v(X{(j) ■ a)(b)) = v(X (to)(b)). 

vc 

A similar calculation shows that uj{pc(v)(b)) = v(X(oj)(b)). For uj G A of the form 
uj = c • 0 • a with a, c G A, we obtain 

0((ap(v c )(b))c) = v(X(uj)(b)) = f(a(p( c v)(b)c)). 

Since a,c G A were arbitrary and 0 is faithful, we can conclude that ( ap(vc)(b))c = 
a(p(c v )(b)c) for all a, c G A so that p(cv){b) and pc{v){b) form a two-sided multiplier 
p(y)(b) as claimed. 

Along the way, we just showed that uj o p(v) = v o A(w). One easily verifies that this 
composition belongs to A u , for example, o X (uj)) = B v o A(cj). 

Let now also uj' G A. Then A(u/) commutes with p(uj) by Lemma 16.1.11 and hence 

uj' o p(v) o p(uj) = v o X {uj') o p(uj) = v o p[uj) o X{uj') = uj' o p(y o p(u)). 

Since uj' G A was arbitrary and A separates the points of A, we can conclude p(vop{uj)) = 
p{v)p(uj). A similar argument proves the remaining equation. □ 

The first part of the preceding result can be rewritten as follows. 
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6.2.4. Corollary. Let (A, p B , PCi B'f’B, C&c) be a measured regular multiplier Hopf alge- 
broid. Then for all v £ A u and a,b,c € A, 

a((v <8> L)(A B (b)(l (8> c))) = aX(v)(b)c = (v <8> t)((l <8> a)Ac(b))c, (6.7) 

UB uc 

a((i <8> v)(A B (b)(c (8> 1))) = ap(v)(b)c = ((t <8> u)((a ® 1 )Ac(6)))c. (6.8) 

ub uc 

The results above imply that A is an algebra and A and A u are A-bimodules: 

6.2.5. Theorem. Let (A, p B , Pc, B'f’B, cf>c) be a measured regular multiplier Hopf alge- 
broid. Then the subspace A = A ■ cf> C A u is an algebra and A and A u are A-bimodules 
with respect to the products given by 

ujuj' := u! o p(uj') = uj' o X(uj) for all uj, uj' £ A, 

lo * a = p(oj)(a), a * u = X(u)(a) for all a £ A,uj £ A, 

ujv = voX(uj), vlo = v o p(cv) for all v £ A u ,lo £ A. 

As such, all are non-degenerate, A and A are idempotent, and A and A u are faithful. 

Proof. We first show that the product defined on A takes values in A again. Let aa/ £ A. 
Then u o p(uj') = uj' o A(w) by Proposition 16.2.31 To see that this functional lies in A, 
write uj = a ■ (f> and uj' = b-ip with a,b £ A and a<S>b = JT A B (di)(ei <8> 1) with di, e* £ A. 
Then (uj o p(uj'))(c) is equal to 

(<t> <8> 4>)(A B (c)(a ® b)) = ((/) (. 8) <f>)(A B (cdi)(ei (8> 1)) 

ub UB 

l 

= y2^ c( ^ c ^ cdi ^ e ^ = 

i i 

for all c £ A and hence 

uj o p(uj') = / • 4> if uj = a • cf>, uj' = b • (/>, f = ( c4>c ® i)(^A~ 1 (° ® b))- (6.9) 

Proposition I6.2..T1 now implies that the products defined above turn A into an algebra 
and A and A u into A-bimodules. 

Equation (16.911 and bijectivity of the canonical maps T\, T p imply that A is idempotent 
as an algebra and A is idempotent as an A-bimodule. These facts and non-degeneracy 
of the pairing A x A —>• A, (v,a) >—> v(a) imply that A is non-degenerate and faithful 
as an A-bimodule. But A being faithful and idempotent as an A-bimodule implies that 
the algebra A is non-degenerate, and that A u is non-degenerate and faithful as an A- 
bimodule. □ 

In j!6| . we show that the algebra A constructed above can be endowed with the 
structure of a measured regular multiplier Hopf algebroid again, which can be regarded as 
a generalized Pontrjagin dual to the original measured regular multiplier Hopf algebroid. 
We shall also need the following relations. 

6.2.6. Lemma. Let v £ A u . Then the following relations hold: 

(1) p(v) o S = S o X(v o S) and X(v) o S = S o p(v o S ); 
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(2) for all x. x', x" £ B, y,y',y" £ C, 

p{S B {x")x ■ v ■ y"x'){yby') = S c {y'')yp{v){xbx)y'x", 

\{x"y ■ v ■ S c (y")y'){xbx') = y"x\{v){y'by)x S B {x "): 

(3) if {A, pb, PC, B^B, c4>c) is a measured, multiplier Hopf *-algebroid, then we have 
p(* o v o *) = * o p(v) o * and A(* o v o *) = * o A(u) o *. 

Proof. Straightforward. □ 

6.3. The modular element. We now determine the behaviour of the comultiplication, 
counit and antipode on the modular elements relating a left integral (j) to the right 
integrals f) o S' -1 and <j) o S. 

6.3.1. Theorem. Let (A, p Bl pc^ B'f’B, C^c) be a measured regular multiplier Hopf alge- 
broid. Write = <fo S^ 1 and f> + = (foS. Then there exist unique invertible multipliers 
8~ ,8 + € M(A) such that = 8 + ■ (j) and if~ = cf ■ 8~. These elements satisfy 

B f>(a)8 + = A {4>)(a) = 8~4> B (a) for all a £ A, 

S(8 + ) = e-S~=e = S + -e, 

A B (8 + ) = 8 + ®8 + , A b (5-) = 8 + ®6~, A c (<T) = 8~ ® 6~, A c (8+) = 8~ ® 8+. 

If (A, p B , pc, B'f’B, c4>c) is a measured multiplier Hopf *-algebroid, then <5 + = (8~)*. 
Finally, if a^(M(B)) = M{B), then 

xc T = 8~S 2 {a <p {x)), x8 + = <S + ct^(S 2 (x)) for all x £ M(B), 

8~y = S~ 2 (cr^ ( y))8 ~, y8 + = 8 + a^ + (S~ 2 {y)) for all y £ M(C), 

where = So (u^) -1 oS^ 1 and a^ + = S’ -1 o (cr^)^ 1 oS are the modular automorphisms 
of if- and , respectively. 

Proof. The compositions if + and if~ are full and faithful right integrals by Corollary 
13.4.101 and Remark 14.2.31 and of the form = 8 + ■ <f and = (f> ■ 8~ with unique in¬ 
vertible multipliers 8~, £ M(A) by Corollary 16.2.11 and Theorem 16.1.31 By Proposition 

[672731 and (16721) . 

<XA (f>)(a)b) = ((& • 4>) o A {(f>)){a) = 0 o p(b ■ 4>)){a) = (0 o S _1 ) o p((j> ■ a))(b). 

Another application of Proposition 16.2.31 and (16. ip shows that this is equal to 

(0 • o) o X(fj~))(b) = 0 • a)( B i/}g(b)) = cf>{a B ip^(b)) = V r 0?Ma)&) = f>{8~cj> B (a)b) 

for all a,b £ A, and hence A ((j>)(a) = 8~<f> B {a ) for all a £ A. A similar calculation shows 
that X((j >)(a) = B (p(a)8 + for all a £ A. We have (d“) _1 = S(8 + ) because 

cj) = (<j+ . 0) o S- 1 = (<f) o S - 1 ) • S{8 + ) = <f> ■ 8~S(8 + ). 

The properties of the counit imply that 

£(8~4> B (a)b) = e(X (</>)(a)6) = (0 <8> e)(A B (a)(l <g> b )) = 4>(a B e(b)) = e(<f B {a)b) 

Ms 

for all a, b G A, whence e • 5~ = e. A similar calculation shows that -8 = 8. 
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The relations for the comultiplication require a bit more work. For all a, 6 E A, 

(cj> <8> f)(A B (5~a)(l <g> b )) = 4>(X((j))(8~ a)b) 

Ms 

= 4>(5~4> B (5~a)b ) = (ip- <g> ^“)(A B (a)(l <8> b)). 

Ms 

The map T p being surjective, we can conclude that for all c,d E A, 

(4> <g> <t>)(A B (S~)(c <g> d)) = (V* - ® ip~)(c <8>d) = 4>{5~S B {cf) B (5~c))d). 

Ms Ms 

Since (!>b{8~c)S~ 1 {8~) = </>b(<5 _ c)(<5 + ) _1 = (J - ) -1 B (j)(5 c), the expression above equals 

^(5(^ B («rc)s , - 1 ( < r))d) = <Ks((<n _: W(<5"c))d) 

Consequently, Ab(< 5 _ ) = <8> 5'(<5 - )^ 1 . Since the antipode reverses the comultiplication 

(see (12.151) 1. we can conclude 

a c ( 5 + ) = A c (s , “ 1 (<r)- 1 ) = <r ® 5 _1 ((r r 1 = < 5 - ® <s+ 

A similar argument shows that A B (5~ ) = <5 + ® • 

Let us compute Ac(<5 - ). For all a E A, 

A C (0(1 ® 4>b{o)) = A c (5~(j) B {a)) = A c ( B <t>(a)8 + ) 

= (g> s(/>(a)(j + = (<5 _ ® c> _ )(l ® <t> B {a)). 

Since <f B (A)A = A and c A ® A^ is non-degenerate as a right module over 1 ® A by 
assumption, this relation implies A c(8~) = 8~ <S> 8~■ A similar reasoning shows that 
A b (8 + ) = 5 + <g> 8 + . 

If (A, n B , nc, BipB, c4>c) is a measured multiplier Hopf *-algebroid, then 

<f>(a*(S~)*) = 4>(5~~a) = ^oS-i(o) = ^^(a)*) = 0(S(a*)) = 0(a*<S+) 

for all a E A, where we used (12.191) . and hence (<5 - )* = <5 + . 

Finally, suppose that = M(B). Of the intertwining relations for <5 + ,<I _ 

and multipliers of B or C, we only prove the first one; the others follow similarly. From 
Theorem 16.1.31 we conclude that for all a E A and iEB, 

5~ S 2 {x))f B {a) = 5~f B (xa) = X{cf>){xa) = x\{4>){a) = x5~<f B (a). □ 

Let (A, y B , nc, cf>Ci b^b) be a measured regular multiplier Hopf algebroid. Suppose 
that A is proper and that a^(B) = B. Under a mild non-degeneracy assumption, the 
left integral <rf can be rescaled such that it becomes a left and right integral, like a Haar 
integral in the unital case except for the normalization. 

To formulate this condition, we use the following observation. By (16.41) . we can define 
a multiplier B (f>(y ) E M(B) such that for all iE8, 

XB(j>(y) = B(t>{xy) = B<t>{yx) = B 4>{y)(a ,i> O S 2 )' 1 ^). (6.10) 

6.3.2. Theorem. Let (A, y B , yc-, cf>Ci b^b) be a measured regular multiplier Hopf alge¬ 
broid. Assume that A is proper, that a^(M(B)) = M(B) and that B cf>{C) contains an 
invertible multiplier z. Then the functional h := z~ l ■ <f> is a left and a right integral for 
(A, y B , He), an d (A, pb, HC, b^b, chc) a measured regular multiplier Hopf algebroid. 
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Proof. Denote by <5 + £ M(A) the multiplier satisfying -cj) = (foS as in Theorem 16. 3. II 
Let a £ A, x, x' € B and choose y £ C such that _B</>(y) = z. Then 

xz5 + S(x')a = B^{xy)5 + S(x')a = A (4>)(xy)S(x')a = ( b4> 0 i)(Ab(j:!/)(1 0 S(x')a ) 
which is equal to 

(b4> 0 if(yx' 0 xa) = S(x'z)xa = xS(z)S(x')a. 

Since x, x ; £ B and a £ A were arbitrary, we can conclude that 

<5+ = z^Siz). 

The functional z -1 ■ h is a left integral by Corollary 13.4.101 and clearly full and faithful. 
Subsequently using Lemma 14.2.61 the definition of d + and the formula above, we find 

h(S(a )) = ^(^(a)^ -1 ) = 4>(S (S -1 (z~ 1 )a)) 

= (z~ 1 )aS + ) = 4>(ad + S(z^ 1 )) = az _1 ) = h(a ) 

for all o £ A By Corollary 13.4.101 h o S = h is also a right integral. □ 

Let us look at the examples listed in Subsection 15.21 again: 

6.3.3. Example. Let G be a locally compact, etale Hausdorff groupoid and let // be a 
Radon measure on the space of units G° with full support. Consider the tuple 

(A, UBiPCi B^BiC^c) 

formed by the multiplier Hopf *-algebroid of functions on G defined in Example 12.4.31 the 
base weight defined in (I3.16p and the left- and the right-invariant maps defined in (13.171) . 
Note that the compositions <f> = yc°C ( t ) C an d V’ = PB° B^B satisfy if = foS = foS^ 1 . 

We saw in Example 15.2.31 that this tuple is a measured multiplier Hopf *-algebroid 
if the measure /i is continuously quasi-invariant. Conversely, if the tuple is a measured 
multiplier Hopf *-algebroid, then by Theorem 16.3.11 ip = 5 • (j> with 5 := <5 + = 8~ so that 
p is continuously quasi-invariant with Radon-Nikodym derivative D = (W 1 . 

For the measured multiplier Hopf algebroids associated to the convolution algebra of 
a locally compact, etale, Hausdorff groupoid, see Example 15.2.41 and to a tensor product 
A = C 0 B , see Example 15.2.51 the modular elements 5~ and are evidently trivial. 

6.3.4. Example. Consider the measured regular multiplier Hopf algebroid associated to 
a two-sided crossed product CffHffB and suitable iL-invariant functionals ys and Pc as 
in Example 15.2.71 By f 2ll Proposition 3.10], H has a modular element 5h which satisfies 
0H ° Sh = 8h • 4>h , and therefore 4>h o Sh 1 = <pB • Sh (<5f/) = 4>h ■ &H ■ Short calculations 
show that the modular multipliers (5 + and 8~ of Theorem 16.3.11 coincide with 5h ■ 

6.4. Faithfulness of integrals. Non-zero integrals on multiplier Hopf algebras are al¬ 
ways faithful [21] . We now prove a corresponding statement for integrals on regular 
multiplier Hopf algebroids, where the former need to be full, the latter locally projective, 
and the base algebra full. Note that all of these assumptions become vacuous in the case 
of multiplier Hopf algebras. 

6.4.1. Theorem. Let A = (A, B, C, Sb, Sq, A#, Ac) be a regular multiplier Hopf alge¬ 
broid with counital base weight (yB,Pc)- If A is locally projective and B has local units, 
then every full left or right integral for (A, ysi yc) faithful. 
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Proof. We only prove the assertion for left integrals, closely following the argument in 
|21| . A similar reasoning applies to right integrals. 

Let 0 be a full left integral on a projective regular multiplier Hopf algebroid A with 
base weight (p B ,Pc), let a € A and suppose a ■ <f> = 0. Since pc is faithful, we can 
conclude that then also a ■ c4>c = 0- L e t b £ A and vb G Hom(As, Bb)■ We show that 

e(c) = 0, where c := A (vb • b)(a), (6-11) 

and then we can conclude from Lemma [6.1.11 that 

(Pb o v B ){ba) = (e o X(v B ■ b))(a) = e(c) = 0. 

Using the facts that p B is faithful, b G A is arbitrary and A is non-degenerate, and that 
vb G (A b ) v is arbitrary and ( AbY separates the points of A because the module Ab is 
locally projective, we can deduce that a = 0. 

Let us prove (I6.11H . Lemma [6.1.11 and (16.21) imply for all d G A that 

p(4>C ■ d)(c) = (X(v B ■ b ) o p((j) C ■ d))(a) = (X(v B ■ b) o S o p(a ■ c4>))(d) = 0, 

and hence for all / G A and u> G A v of the form uj = p B with uj b G Hom(As, Bb), 

0 = (w • f)(p(<t>c ' d)(c)) = (f ■ d)(X(u B ■ f)(c^- 

Writing (/ <g> 1)A c(c) = Yhj fj ® c j with fj,Cj G A, the equation above becomes 

0 = E ^(dcj (u>b (fj)))- (6.12) 

j 

Since A is locally projective, we can find finitely many u B G Hom(As,i?_B) and e* G 
Horn (Bb,Ab) such that ei(u % B (fj)) = fj for all j, and since B has local units, we can 
without loss of generality assume that ej G A in the sense that ei(x) = e^x for all i. By 
Theorem 16.1.21 we can find elements di G A such that S~ l (ei) ■ (f> = <j) ■ di for all i. Now, 
(I6.12p implies 

0 = ^2H d i c j s ~ 1 (u l B (fj))) = Y^<t>(cjS~ 1 (e i ^ B (f j ))) =J2Hc j S^ 1 (f j )). 

i,j i,j j 

where we used Lemma 16.1.11 again. The second diagram in (12.14|) shows that 

E CjS-YfY = J2 S ~ 1 (fjS(c j )) = S-YfS B ( B e(c))) = Bs(c)S-Yf), 
j j 


and hence 


0 = <f>( B £(c)S Yf)) = pb(bYc)b^(S 1 (f)))- 


Since / G A was arbitrary, b 4> is surjective and p B is faithful, we can conclude = 0 

and hence e(c) = 0. □ 
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7. Modification 

Our key assumption on a base weight for a regular multiplier Hopf algebroid, the 
counitality condition hb ° B& = He ° e Ci turned out to be quite restrictive in several 
examples considered in subsection 15.21 where it corresponded to invariance of [iB and 
He under certain actions of an underlying groupoid or a multiplier Hopf algebra. In 
case that the functionals are only quasi-invariant with respect to these actions, one can 
independently modify the left and the right comultiplication and accordingly the left and 
right counits such that hb and He will form a base weight for this modified multiplier Hopf 
algebroid. We now describe this modification, which is inspired by [23], in a systematic 
manner, starting with left and right multiplier bialgebroids and then turning to multiplier 
Hopf algebroids. Examples will be given in the next section. 

7.1. Modification of left multiplier bialgebroids. Let Ab = (A, B , s,t, A) be a left 
multiplier bialgebroid. 

Given an automorphism 0 of B, we write gA and Ag when we regard A as a left or 
right H-module via x ■ a := s(0(x))a or a ■ x := as(9(x )), respectively, and 9 A and A 9 
when x ■ a := at(9~ 1 (x)) or a ■ x := t(9~ 1 (x))a for all a € A and x € B. 

Note that then the quotients gA <g) A B and bA ® A 9 of A ® A coincide. 

Suppose that @a and Q p are automorphisms of A which, when extended to multipliers, 
satisfy 

©a o s = s o 6, Q p ot = toO~ 1 . (7-1) 

Then the isomorphisms 

©a ® L ^ ^ • bA A —y gA (^) A — bA &) A (7.2) 

induce, by conjugation, isomorphisms 

©aX i, ix@ p : End(#^4 ® A B ) —y Erid^H <g> A B ) = End^H <g> A 9 ). 

7.1.1. Definition. A modifier of a left multiplier bialgebroid Ab = (7l, B, s, t, A) consists 
of an automorphism 9 of B and automorphisms ©a, © p of A satisfying m and 

(©aXi)oA = (ix0 p )oA. (7.3) 

Evidently, such modifiers form a group with respect to the composition given by 

(9,@ x ,Q p )(9 , ,@' x ,Q , p ) = (00', ©a©a, 0p©p)- 

7.1.2. Proposition. Let Ab = (A, B, s,t, A) be a left multiplier bialgebroid with a mod¬ 
ifier (9, ©a, ©p)- Denote by A the composition in (17.31) . Then Ab ■= (A, B, s,t o 0~ 1 , A) 
is a left multiplier bialgebroid with canonical maps ( T\,T p ) given by 

T\ = (i ® ©p) oT a = (©a ® i) oT\o (0 A <S> t) _1 ; (7-4) 

T p = (©a ® l) oT p = (l<& Q p ) oT p o (i (g> 0p) _1 . (7.5) 

Proof. To see that the space B A (g> A 9 = gA 0 A B is non-degenerate as a right module 
over A (g) 1 and 1 ® A, use the isomorphisms (17.21) . To check that A is bilinear with 
respect to s and t and co-associative is straightforward, for example, 
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for all x, x' £ B and a £ A, and 

(A 2 t)(A(6)(l 2 c))(a 2 1 2 1) = (©a 2 t 2 0 P )((A <gi t)(A(6)(l (2) c))(a (2 1 <2 1)) 

= (©a 2 i 2 © p )((t 2 A)(A (6) (a 2 1))(1 2 1 2 c)) 

= (t 2 A)(A (b)(a 2 1))(1 2 1 2 c) 

for all a, b, c £ A The formulas (17.411 and (17.511 follow from the definition of A. □ 

We call Ab the modified left multiplier bialgebroid or briefly modification associated 
to (9, ©a, ©p). 

7.1.3. Remark. In the situation above, the map 

(#'; ©A, ©p) ^ (0'0 _1 , ©A©A \ ©p©p X ) 

is a bijection between all modifiers of and all modifiers of *4^, as one can easily check. 

7.1.4. Lemma. Let {9, 0^, 0 p ) be a modifier of a full left multiplier bialgebroid Ab- Then 

@\o t = t, @ p os = s, Ao0j = (ix6 a )oA, A o Qp = (0pXi) o A. 

Proof. We only prove the relations involving 0^; similar arguments apply to Q p . 
Formula (17.51) implies 

(©A 2 i)((t(x) 2 l)Tp(a 2 b )) = (©a 2 i)(T p {t(x)a 2 b )) 

= (£(x) 2 1) (@a 2 t)(Tp(a 2 &)) 

for all a, 6 € A and x £ B. Applying slice maps, we find that £(x)©a(c) = ©a (t(x)c) for 
all elements c G A of the form (t 2 u)(T p (a 2 6 )), where a,b £ A and uj £ Horn {A b ,Bb)- 
Since Ab is full, such elements span A and hence ©a ot = t. 

Next, the formula for T p and the second diagram in (12.511 show that the outer cell and 
the left cell in the following diagram commute: 


A B 2 B Ab' 2 _b'A 

T a < gx. 

b A® A b , 2 b'A- 


a b 2 l,A 2 A B ' 




B' 

b A 2 B'A B 2 A B ' 


A b 2 e gi A 2 A B ' 
b A 2 e'A 0 2 A B ' 


Here, we use the notation explained in Notation 12.1.21 We apply slice maps of the form 
i 2 i 2 uj, where uj £ Hom(A s , Bb ), use the assumption that Ab is full, and conclude 
that (l 2 ©a)Ta = T\(i 2 ©a) and hence A o ©^ = (iX0^)A. □ 


The preceding result implies that in the full case, the modified left multiplier bialge¬ 
broid is isomorphic to the original one in the following sense. 


7.1.5. Definition. An isomorphism between left multiplier bialgebroids 
Ai = (Ai, B\, si, fi, Ai) and A 2 = (A 2 , B 2 , S 2 , £ 2 , A 2 ) 
is a pair of isomorphisms 0: A\ —>• A 2 and 9: B\ —> B 2 such that for all a,b,c £ A, 
Oosi = S2°9, 0oi] = t 2 o 9, (0 2 ©)(Ai(a)(6 2 c)) = A2(0(a))(@(6) 2 ©(c)). 
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7.1.6. Proposition. Let Ab be a full left multiplier bialgebroid with a modifier (6 , Q\, © p ). 
Then ( Q\,6 ) and (0 p ,i) are isomorphisms from Ab to the modification Ab- 

Proof. We only prove the assertion for Lemma 17.1.41 and the definition of A 

imply that for all a, b, c G A, 

A(0 a (o))(0 a (6) ® ©a(c)) = (0a <2) O(A(0a(o))(6 <2 > ©a(c))) 

= (©A <2> © A )(A(a)(6 <g) c)). □ 

As in subsection EH we consider convolution operators \(bv), p(ui B ): A —>■ L(A ) 
associated to module maps bv G Hom(^A, bB ) and u B G Hom(A B , Bb ) by the formulas 

A {sv){a)b := (bv <g> i)(A(o)(l ® &)), p{pj B )(a)b := (i <g> w B )(A(a)(6 <g) 1)). 


7.1.7. Proposition. Let Ab = (A, B, s,t, A#) 6e a /e/f multiplier bialgebroid with a left 
counit be and a modifier ( 0,Q\,Q p ). 

(1) If Ab is full, then do geo©^ 1 = ^eo©' 1 , and this composition, denoted by be, 
is the unique left counit of the modified left multiplier bialgebroid Ab- 

(2) If Ab has a left counit be, then A (be) = ©p 1 and p(6 o be) = ©^V, where the 
convolution operators are formed with respect to A. 

Proof. (1) The isomorphisms in Proposition 17.1.61 yield two left counits be ° @ p 1 and 
6 o be o©^ 1 of A , which necessarily coincide by [LSI Proposition 3.5] because Ab is full. 
(2) We only prove the first equation. The following diagram commutes, 


Ab < 2 ) bA 
Ab < 2 ) bA 


A 


I^ b A®A b -!^ 

t ®0p | 

A® A 6 ->■ A 


B 




and shows that © p (A(se)(a)6) = aQ p (b) for all a,b G A. □ 

Suppose that As is unital in the sense that the algebras A,B and the maps s,f, Ag 
are unital. Then modifiers have a nice description in terms of the maps from A to B 
considered above. 

Consider the convolution product on the space Horn (bA b , bBb), given by 

b v b * b u B := {bv B ® bu B ) oA:a©^ B u B {a( 2 ))BV B {a^), 

where bv b , G Horn ( b A b , bBb) and B AxA B is identified with the Takeuchi prod¬ 
uct inside B A <g) A B . If it exists, then the left counit be is the unit for this product. We 
call an element bX B € Horned 5 , bBb) a character if for all a,b G A, 

BX B (ab ) = BX B (as( B X B (b ))) = bX B (at( B X B (b)))- 


7.1.8. Lemma. Let Ab = (A,B,s,t, A) be a unital full left multiplier bialgebroid with a 
left counit. Then there exist canonical bijections between 

(1) all modifiers (t, ® p ) for Ab; 

(2) all automorphisms Q\ of A satisfying ®\os = s, @\ot = t, Ao© a = (tx0^)oA; 

(3) all automorphisms ® p of A satisfying Q p o t = t, Q p o s = s, A o Q p = (0 p xr); 
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(4) all invertible characters bX B € Hom(sA B ,B Bb). 

Proof. For every modifier (i, @A,©p), the automorphisms ©a and 0 p satisfy the condi¬ 
tions in (2) and (3) by Lemma 17.1.41 

Assume that ©a is an automorphism as in (2) and denote by b£ the counit of Ab- 
Then the map bX B := Be ° ©a : A —» B lies in Horn ( b A b , b£>b) because of (12.31) . is a 
character because of m Proposition 3.5], and the composition bX B := ° ©a* is its 

convolution inverse because 

bX B * bX B = bX B ° (i® bX B ) o A = bX B ° (i <8> B e) ° A o 0" 1 = B X B ° ©a 1 = Be 
and similarly bX B * bX B = Be. 

Similar arguments show that for every automorphism 0 p as in (3), the map o 0 p 
is an invertible character. 

Finally, assume that bX B is an invertible character as in (4). Then the maps Q\ := 
p{bX B ) and ©p := A( bX B ) are bijections of A because bX B is invertible in the convolution 
algebra, and they are automorphisms because bX B is a character. Using co-associativity, 
one easily verifies that (t, Q\, 0 p ) is a modifier. □ 

Right multiplier bialgebroids can be modified similarly. 

7.1.9. Definition. A modifier of a right multiplier bialgebroid Ac = (A,C,s,t, A) con¬ 
sists of an automorphism 6 of C and automorphisms \Q and p 0 of A satisfying 

A 0 ot = to 6~ 1 , p Q o s = s o 0, ( \Qxi ) o A = (iX p 0) o A. 

The results obtained above carry over to right multiplier bialgebroids in a straightfor¬ 
ward way. In particular, for every modifier (9,\0, p 0) of a right multiplier bialgebroid 
Ac = (A, C, s, t, A), we obtain a modified right multiplier bialgebroid 

Ac ■= (A, C,s,t o 6 _1 , A), where A = o A = (tx p 0) o A. 

If Ac is full, then we have isomorphisms (0 a, l) and (0 p ,0) from Ac to Ac, where the 
notion of an isomorphism between right multiplier bialgebroids is evident. 

7.2. Modification of regular multiplier Hopf algebroids. Let us now consider the 
two-sided case. 

7.2.1. Definition. A modifier for a multiplier bialgebroid A = (A, B,C, Sb, Sc, A#, Ac) 
is a tuple (0 a, 0 p , a©, p 0 ) such that 

(1) ©a extends to an automorphism of B and (©a|,b, ©A> @p) a rnodifier of the 
associated left multiplier bialgebroid As, 

(2) p 0 extends to an automorphism of C and ( p 0|c, A@> p©) is a modifier of the 
associated right multiplier bialgebroid Ac- 

We call such a modifier trivial on the base if all four automorphisms act trivially on B 
and on C. We call it self-adjoint if A is a multiplier *-bialgebroid and 

* ° ©A = A© ° * an d * °©p = p© ° *■ 
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Note that every modifier as above satisfies 


0 P o S B o ©a = S B and A © o S c o p © = S c , (7.6) 

and that modifiers form a group with respect to the composition 

(© A ,© P , A ©, P ©) • (0 A , ©p, A 0 / , p ©0 := (e x e' x ,e' p e p , x e' x e, p e p e'). 

7.2.2. Proposition. Let A = (A, B,C, S B , Sc, A B , Ac) 6e a multiplier bialgebroid with 
a modifier (0 A , 0 p , A 0, p 0) and let 

S B := S B o 0 a | b 1 , Sc ■= Sc o pQ]^ 1 , A B := (0 A xt) o A s , Ac := ( A 0xt) o Ac- 


Then A = (A, B,C, S B , Sc, A B , Ac) is a multiplier bialgebroid. If moreover A is a 
multiplier *-bialgebroid and the modifier is self-adjoint, then also A is a multiplier *- 
bialgebroid. 

Proof. By Proposition 17.1.21 and its right-handed analogue, A B := (A, B, l b , S b , A b ) 
is a left and Ac ■= (A,C, lc, Sc, Ac) is a right multiplier bialgebroid. The mixed 
coassociativity relations follow by similar arguments as the coassociativity of A B , see the 
proof of Proposition 17.1.21 Thus, A is a multiplier bialgebroid. 

Assume that A is a multiplier ^-bialgebroid and that the modifier is self-adjoint. Then 

S B o*o Sc o * = S B o ©^ 1 o * o Sc ° © p 1 ° * 

= S B o*o A 0 -1 o Sc o ©^ o* = S B o*oSc°* = tC 

and similarly Sc ° * ° Sc ° * = Finally, self-adjointness of the modifier immediately 
implies that A B and Ac satisfy condition (3) in Definition 12.3.41 □ 


In the situation above, we call A the modification of A. 

We can now formulate the main result of this section: 

7.2.3. Theorem. Let A = (A, B, C, S B , Sc, A B , Ac) be a regular multiplier Hopf alge- 
broid with a modifier (0 A , 0 p , A 0, p 0). Then the modification A is a regular multiplier 
Hopf algebroid again. The counits and antipode B e,ec,S of A and the counits and an¬ 
tipode B e,ec,S of A are related by 

B e = B eo 0” 1 = © A o B eo 0" 1 , (7.7) 

ec = ec°A© -1 = p 0oec° p @ _1 , (7.8) 

S = QpoSopQ - 1 = xQoSoQf 1 . (7.9) 

If A is a multiplier Hopf *-algebroid and the modifier is self-adjoint, then also A is a 
multiplier Hopf *-algebroid. 

Proof. The canonical maps of the multiplier bialgebroid A are bijective by construction, 
see Proposition 17.1.21 and the formulas for the counits follow from Proposition 17.1.71 and 
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its right-handed analogue. To prove (1 7.9 [) . consider the following diagrams. 


Ab < 8 > bA ■ 


Sc^c® 1 - 


A 




e 


A ^ A ScecOi A 

Ab < 8 > bA - A 



bA®A b 


S®t 


m 

B A ® A b 


b 


A® A 


B 


O A 1 O0p 


@p&©p 


cA® A c 


S®L 


Tx 


© A 1 ig)t 


A Q c ® A c 




A® A c A c ® A c 


c 

Tx 

\ 

b a®a b 


ST„- 


B 


a®a b 


B 


S®L 


A®A B b A® A 9b 


0A 


L®L 


S To 


■ b A ® Ab 


In the diagram on the left hand side, the outer and inner square commute by the defining 
property of the antipode, and since the left, the right and the upper cells commute, so 
does the lower one, showing that Q p S = Q^S. In the diagram on the right hand side, 
the outer and inner square commute by m Proposition 5.8]. Since the left, the right and 
the lower cell commute as well, so does the upper one, showing that S = \QSQ7 1 . □ 

The following example is the counterpart to Van Daele’s modification [23]: 

7.2.4. Example. Let A = {A, B,C, S B , Sc, Ab, Ac) be a regular multiplier Hopf alge- 
broid and let u, v € B be invertible. Then the formulas 

©A (a) = v~ 1 av, O p (a) = S B (v~ 1 )aS B (v), a ©(a) = uau _1 , p @(a) = Sff 1 (u)aSfi} [u~ l ) 

define a modifier (©a, 0 p , a©, p 0) and the counits and antipode of the associated modi¬ 
fication A are given by 

Bs{a) = b^{clv~ 1 )v, £c(a) = S^ 1 (u~ 1 )ec(ua), S(a ) = uS{vav~ l )u~ l , 

compare with the formulas given in [ 251 Proposition 1.12 and 1.13] and 112.201) . 

Partial integrals do not change when a multiplier bialgebroid is modified and the 
modifier is trival on the base: 


7.2.5. Lemma. Let A = (A, B, C, S B , Sc, A b, A c) be a regular multiplier Hopf algebroid 
with a modifier (©a, 0 p , a©> p 0) that is trivial on the base. Then partial integrals of A 
and of the modification A coincide. 

Proof. Straightforward and left to the reader. □ 

As outlined above and illustrated in the next section, some naturally appearing mul¬ 
tiplier Hopf algebroids admit a counital base weight only after modification. We now 
investigate when such a modification exists. 

Similarly as before, we consider for a map C XC G Horn { C Ac,cCc) the convolution 
operators A { C Xc), p( C Xc)'■ A —> R(A) defined by 

aX( C Xc)(b) = (°xc ® i)((! ® a)A c (b)), ap( c xc)ifi) = (t ® C Xc){(a ® l)A c -(6)). 

7.2.6. Proposition. Let A = (A, B,C, S B , Sc, As, Ac) be a regular multiplier Hopf 
algebroid with an antipodal base weight (p_B,pc)- The following conditions are equivalent: 




















50 


THOMAS TIMMERMANN 


(1) there exists a modifier (0 A , Q p , a©, p @), trivial on the base, such that (p B ,pc) 
a counital base weight for the associated modification A; 

(2) there exists a functional x G A u such that 

(a) bX G Horn ( b A b , b B b ) and xc G Horn ( c A c ,cC c ), 

(b) the maps p( B x)> A (bx)> p{xc)> A (xc) are automorphisms of A. 

Proof. Suppose that (0 a, 0 p , \Q, p Q) is a modifier as in (1). Then the counit functional 
X := e of the associated modification A satisfies (2a) and (2b) by Proposition 17.1.71 and 
by its right-handed analogue. 

Conversely, suppose x G A u satisfies the conditions in (2), and denote by 0 A , Q p , A 0, p Q 
inverses of the convolution operators in (2b). Using coassociativity, one easily verifies 
that these automorphisms form a modifier of A. By Proposition 17.1.71 the left counit 
of the associated modification A satisfies X( B i) = ©p 1 = A(_bx), whence B e = B x- 
Likewise, sc = XC- Therefore, p B o B e = x = Pc ° C&- □ 

8 . Examples of modified measured multiplier Hopf algebroids 

For several examples of regular multiplier Hopf algebroids considered in the preceding 
sections, our assumptions on base weights translated into quite restrictive invariance 
conditions. We now show that if weaker and quite natural quasi-invariance assumptions 
hold, then the original multiplier Hopf algebroid can be modified in such a way that 
the modification meets all of our assumptions and becomes a measured multiplier Hopf 
algebroid. 

8.1. The convolution algebra of an etale groupoid. Let G be a locally compact, 
etale Hausdorff groupoid, and consider the multiplier Hopf *-algebroid 

A=(A,B,C,S 6 ,S d ,A 6 ,A d ) 

associated to the convolution algebra A = C c {G ) of G as in Example 12.4.41 

Let furthermore /ibea Radon measure on G° and consider the associated functional 

fi:C c (G 0 )^ C, /-> [ f dp. 

Jc° 

We saw in Example 15.2.41 that the base weight (p, p) for A is counital if and only if p is 
invariant. Suppose now that p is only continuously quasi-invariant in the sense explained 
in Example 13.3.61 that is, the measures u and on G defined by (I3.18|) are related by 
a continuous Radon-Nikodym derivative D £ C(G) such that u = Dp -1 . 

We can then modify A and obtain a measured multiplier Hopf *-algebroid as follows. 
The Radon-Nikodym cocycle D yields a one-parameter family of automorphisms 

Cc(G) -»■ C c (G), M/))( 7 ) = /( 7 )^( 7 ), 

on the convolution algebra C c (G). The automorphisms 

©A := &p ■= 0i/2 and A @ := P © := 0- 1/2 

form a modifier of A which is trivial on the base and self-adjoint. The associated modi¬ 
fication is the multiplier Hopf ^-algebroid 

A=(A,B,C,S d ,S d , A 6 ,A d ), 
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where A = C c (G ) and B = C = C c (G °) with Sg = S^ = tc c {G°) as before, but 

(Agiflig® /OXt'.t") = Y fh) Dl/2 h)9h^ 1 'y’)h( r r~ 1 y'), 

*(y)=r(Y) 

((g®h)A d (f))(y,y') = Y /(7)^ _1/2 (7)ff(7 , 7" 1 )^(7 // 7 _1 ) 

r( 7 )=s(y) 

for all f,g,h G C c (G). Here, we use the isomorphisms (12.2111 . Short calculations show 
that the antipode S remains unchanged, that is, 

(-§(/))( 7) = /(7 _1 ), 
and the counits and Eq are given by 

(b^(/))(«) = /(7)-D' 1/2 (7), (%(/))(«) = X] /(7)-D 1/2 (7)- 

r('y)=u s( / y)=u 

For the modification 7l, the base weight (/r,/t) is counital because for all / G C'c(G), 

A(^e(/))= [ fD~ 1/2 Av = I fD 1/2 Av- 1 = fi{e d {f)). 

Jg Jg 

By Example 13. 1.61 and Lemma [7.2.51 the restriction map C c (G ) —>• (7 C (G 0 ) is left- and 
right-invariant with respect to the modified comultiplications, and the composition with 
/} gives a total left and right integral 

j> = i>:C c (G)^ C, /h+ [ /|g° d/x. 

Jg° 

We thus obtain a measured multiplier Hopf *-algebroid (A, fi, 

Since (j) o S = 4>, the modular element is trivial. The modular automorphism of <j) is 
(Ji because for all /, 5 G C c (G), 

<K/*fiO = f /(7)ff(7 _1 ) d ^(7) = f 5(7 _1 )/(7)^(7) diy_1 (7) = 0(5 * °i(/))- 

8.2. Crossed products for symmetric actions on commutative algebras. Let C 

be a non-degenerate, idempotent and commutative algebra with a left action of a regular 
multiplier Hopf algebra (H, Ah) which is symmetric in the sense that (12.2211 holds, denote 
by A = C#H the associated crossed product and consider the regular multiplier Hopf 
algebroid A = (A,C,C,l,l,Ab,Ac) defined in Example 12.4.61 Suppose moreover that 
(H, Ah) has a left and a right integral 4>h and ?/>#, and define a partial left integral g^C 
and a partial right integral b^b as in m- We saw in Example 15.2.61 that for every 
faithful iL-invariant functional fi. the tuple (A, //, /r, sV’B; cfic) is a measured regular 
multiplier Hopf algebroid. We now show that if /i only satisfies a weaker quasi-invariance 
condition, then we can modify A so that we obtain a measured regular multiplier Hopf 
algebroid again. To simplify the discussion, we shall only consider the unital case. 

We start with a few preliminaries on functionals that are quasi-invariant with respect 
to an action of a Hopf algebra. For the application in the next subsection, we drop the 
commutativity assumption on C and the symmetry assumption for a moment. Recall 
that a Hopf algebra is regular if its antipode is invertible. 
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Let C be a unital algebra with a left action of a regular Hopf algebra ( H , A h) so that 
C becomes a left iL-module algebra. As before, we identify C and H with subalgebras 
of C#H. 

A unital one-cocycle for (H, Ah) with values in C is a map u: H C satisfying the 
following equivalent conditions: 

(1) uj( 1 h ) = 1 c and u(hg) = t >u(g)) for all h,g £ H; 

(2) the map a u : H —>• C#H given by h i-a w(h(N)h( 2 ) is a unital homomorphism. 

We call a faithful functional y on C quasi-invariant with respect to H if there exists a 
map D: H C, h D^, such that 

n(S(h) o y) = n{Dhy ) for all h G H, y € C. 

We then call D the Radon-Nikodym cocycle of y. This terminology is justified: 

8.2.1. Lemma. If y is a faithful and quasi-invariant functional on C , then its Radon- 
Nikodym. cocycle D is a one-cocycle. 

Proof. Let h € H and y € C. Then by definition, 

y(y\S(h) > y)) = y(S(h^) > ((/i (2) > y')y)) = y{D h(l) (/i (2) > y')y). (8.1) 

Taking y' = D g , we find 

y{D hg y) = y(S(hg)>y) = y(D g (S(h) > y)) = y(D h(1) (h (2) > D g )y). 

Since y is faithful, the assertion follows. □ 

Regard the left action of H on C as a left action of the co-opposite Hopf algebra H co 
on the opposite algebra C op . If C is commutative and the action of H is symmetric, then 
C op ffH co is canonically isomorphic to CffH. 

8.2.2. Lemma. Let y be a faithful, quasi-invariant functional on C and suppose that 

D h ( I, {h ( 2) >y) = (tyi) > y)D h(2) (8.2) 

for all h € H and y G C. Then there exist automorphisms /3 d of Cfj^H and f3' D of 
C op ffH co such that 

My#h ) = yD h(1) #h( 2 ), @b(y#h) = D h(2) y#h {l) . (8.3) 

Proof. We only prove the assertion on /fo; the existence of /?£, follows similarly. 

The formula for (3d defines a homomorphism because the map an : h i—>• is 

a homomorphism and 

(3 D (l#h)/3 D (y#l) = D h(1) {h i2) >y)jfh {3) = {h (1) > y)D h(2) ffh (3) = (3 D {{h il) >y)#/i (2) ) 
for all h € H and y € C. It is bijective because the map 

Pd- CffH —t CffH, y#/i i-A-y(/i(i) > w(S'j/(/i( 2 ))))#/i( 3 ), 
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where Sh denotes the antipode of (H, A//), is inverse to (3b■ Indeed, both are C-linear 
on the left hand side and satisfy 

^d(/3d(1#M) = D h m (h(2) > As h (/i (3) ))#V) = D h m S H (h (2) )#h(3) = 
Ad(/3d(1#/i)) = (/*.(!) > D SH ( h(2)) )D h(3) #h {4) 

= (h(i) > (D SH ( h(3) )(S H (h( 2 )) > D h{i) )))#h ( 5 ) 

= (fyi) ^ D s H (h (2) )h i3) )#h {4) = l#h. □ 

We now apply the preceding considerations to our example. 

8.2.3. Proposition. Let C be a unital, commutative algebra with a left action of a regular 
Hopf algebra (H, Ah) that is symmetric in the sense that for all h € H and y G C, 

/i(i) <g> h ( 2 ) >y = h( 2 ) <8> /i(i) > y. 

Suppose that p is a faithful, quasi-invariant functional on C, and that <f>H is an integral 
on (H, Ah)- Define the regular multiplier Hopf algebroid A = ( A , B, C , Sb, Sc, A b, Ac) 
as in Example \2.4-6j the maps /3 b and /3' D as in (|8.3[) . and c&C as in (13.71) . Then: 

(1) ({p' D y 1 , (/3 d)- 1 , i, T) is a modifier of A; 

(2) (jit, p) is a counital base weight for the associated modification A; 

(3) {A, p, p, cf>C, C&c) is a measured multiplier Hopf algebroid; 

(4) the modular automorphism of (f> = p o c&c is given by 

yh) = yvH(h (2) )D s -i/ h(1) ) 

for all y (E C and h € H, where an denotes the modular automorphism of 4 >h- 
Proof. (1) Since the action is symmetric, we can apply Lemma 18.2.21 and conclude that 
and /3b are automorphisms. They form a modifier of the left multiplier bialgebroid 
Ab because 

(0B* l )(A B {yifh)) = (yD h(2) #h {1) ) <g> (l#/i( 3 )) 

= {y#h( 1 )) (8) (D h(2) #h( 3 )) = ( Lxft D )(A B (y#h )). 

Therefore, their inverses form a modifier as well. 

(2) Let y E C and h € H. Then by (17.71) and (|2.23p . 

mCb%#^)) = p( B e(PB(y#h))) = p{B£(D h(1) y#h (2 ))) = p(D h y) 
and, because the right comultiplication remains unchanged and the action is symmetric, 
P{£c(y#h)) = p(£ C {h {1) (S(h {2) ) o y))) = p(S(h) > y). 

(3) By Example 13.1.81 and Lemma [7.2.51 cf’C is a partial integral for A, by (2), (p, p) 
is a counital base weight, and using the fact that 4>h is faithful eh Theorem 3.7], it is 
not difficult to see that <j> is faithful as well. 

(4) By Lemma 14.2.61 a^iy) = S 2 (y) = y for all y £ C. Let h,h! € H and y € C. Then 

(j)(yha H (ti {2) )D s - i (h / (i)) ) = (f>(ha H (h^ 2) )D s -i^ h ^y) 

= P(Ds-Hh' w )y)<t>H(hcTH(ti {2) )) 

= T(h[ 1 )>y)<fH(h[ 2) h) = 0((h' (1) >y)h[ 2) h) = <t>{tiyh). 
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The assertion follows. □ 

8.3. Two-sided crossed products. Consider the regular multiplier Hopf algebroid A 
obtained from a two-sided crossed product A = CffHffB associated to compatible left 
and right actions of a regular multiplier Hopf algebra ( H , A//) on idempotent, non¬ 
degenerate algebras C and B with given anti-isomorphisms Sb and Sc as in Example 
12.4.71 In Example 15.2.71 we saw that an antipodal, modular base weight (pb,Pc) f° r 
A is counital if and only if pb and pc are invariant with respect to the actions of H. 
We now show that if pb and pc are only quasi-invariant, then we can modify A so that 
we obtain a measured regular multiplier Hopf algebroid. To simplify the discussion, we 
assume the algebras B , C and H to be unital again. 

First, we need further preliminaries about quasi-invariant functionals. Let C be a 
unital algebra with a left action of a regular Hopf algebra ( H , A h) and a faithful, quasi¬ 
invariant functional p. We regard the action also as a left action of the co-opposite Hopf 
algebra H co on the opposite algebra C op again. Given a functional p on C, we denote 
by p op the corresponding functional on C op . 

8.3.1. Lemma. Let p be a faithful, quasi-invariant functional on C that admits a modular 
automorphism a such that a(h > y) = S 2 (h) > cr(y) for all h £ H and y £ C. Then: 

(1) a(D h ) = D S 2 ( h ) for all h £ H; 

(2) the functional p op is quasi-invariant and its Radon-Nikodym cocycle is D; 

(3) D h m 0 ( 2 ) >V) = 0 ( 1 ) > v) D h ( 2) for all he H andy e C. 

Proof. We repeatedly use faithfulness of p. Let y,y' £ C and h £ H. 

(1) The relation po a = p and the assumption on a imply that 

p(D h y) = p(S(h) >y) = p(S 3 (h ) > a{y)) = p(D S 2 w a(y)) = p(cD S 2 (h) ). 

(2) The antipode Sff of H co is the inverse of the antipode Sjj of (H, A jj), whence 

p op (S H ™(h) > c) = p{Sf I 1 {h) > c) = p(D s - 2 { p ) c) = p(cD h ). 

(3) By assumption on a, 

M0(i) > j/)D h(a) y) = I/OS' 2 0(1)) > ff(y'))) 

= h(S(h {2) ) > y(S 2 (h { i)) > cr{y'))) 

= y{(S(h)t>y)cr(y')) = p(y'(S(h) > y)), (8.4) 

and by this is equal to p(D h(1) 0(2) > y')y)- □ 

In the following proposition, we write y op if we regard an element y of an algebra C 
as an element in the opposite algebra C op . 

8.3.2. Proposition. Let ( H , A#) be a Hopf algebra with invertible antipode Sh and let 
C be a unital left H-module algebra with a faithful functional p that is quasi-invariant, 
with respect to H and admits a modular automorphism a such that for all h £ H, c £ C, 

a(h> c) = Sff(h) >cr(c). (8-5) 

Regard the opposite algebra B := C op as a right H-module algebra via x<h := S}j{h)\>x. 
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(1) The anti-isomorphisms 

S B : B = C op —)■ C, y op ^y, S c : C ^ C op = B, y ^ a{y ) op , 

satisfy S B (x <h) = S B {h) > S B (x) and Sc(h t>y) = Sc(y ) < S B {h). 

Define the associated regular multiplier Hopf algebroid A = {A, B,C, S B , Sc, A B , Ac), 
where A = CffHffB, as in Example \2. 4- 'A 

(2) There exist automorphisms Q\, Q p of A such that 

©a (yhx) = y(D h(2) ) op h( i)X, ® P {yhx) = yD h(1) h^)X 

for all y£C,li£H,x£B, and (B^ 1 , B^ 1 , la, la) is a modifier of A. 

(3) The pair ( y op , y i) is a counital base weight for the associated modification A. 

(4) Suppose that (H,A B ) has a left and right integral (b B . Then the formulas 

cficiyhx) := yfi H {h)y op {x), B ^ B (yhx) := y{y)fi H {h)x, 

where y € C, h G H and x € B, define a partial left and a partial right integral, 
and (A, y op , y, sips, cfic) is a measured regular multiplier Hopf algebroid. 

(5) The modular automorphism of (p = y o cfic is given by 

°*(y) = »W, o*(h) = n(h m )D s( , m) (D s -, {hw) r 

for all y £ C and h G H, where a B denotes the modular automorphism of cp B . 

Proof. (1) This follows immediately from the definitions and (18.51) . 

(2) The map Q p acts trivially on the subalgebra B C A, and like the automorphism 
fin of CffH defined in Lemma 18.2.21 on the subalgebra CffH = CH C A. Thus, the 
canonical linear isomorphism A = {CffH) 0 B identifies Q p with the map (g> l which 
is bijective. Now, Q p is an automorphism because for all x £ B, y € C, h £ H, 

9p(x)@ P (yh) = xyD hm h( 2 ) = yD h(1) h i2) {x < /i (3) ) = @p(yh {1) )@ p ((x <h i2 )))- 

To prove the assertions concerning the map B^, note that the subalgebra BH C A is 
isomorphic to C op ffH co because 

hy op = {y op <S~ 1 {h (2) ))h w = (h (2) > y) op h {1) 

for all h £ H, y £ C. Now, similar arguments as above show that the desired properties of 
@\ follow easily from the corresponding properties of the automorphism f0 D of C op ffH co . 
The tuple (B,\, & p , l, l) is a modifier of A because 

(QxXL){A B (yhx)) = y{D h(2) ) op h w <g>/i (3) x = yh^ <g> D^h^x = {lx® p ){A B {yhx)) 
for all y £ C , h £ H and x £ B. 

(3) By assumption and definition, the base weight (y op ,y) is antipodal and modular, 
and the relations (17.71) . (17.81) and (15.4[) imply 

(y op o B e){y op hy') = {y op o B e){® x {y op hy')) 

= (y op o B e){y op {D h(2) ) op h il) y') = y{{h (1) > y')D h(2) y), 

{y o £ C ){y op hy') = (y c o £ C ){y op hy') = y{S~ 1 {h > y)y') = y C {y'{S{h) >y)) 
for all y,y' £ C and h £ H. By (18.41) . both expressions coincide. 
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(4) By Example 13.1.91 c4>C is a partial left and b^b is a partial right integral. Since 
y ° C&C = y° p ° B^B, the base weight (y op , y) is quasi-invariant with respect to these 
partial integrals, and by (3), it is counital. Hence, it only remains to verify that the 
functional (j) = yo Q(f>c is faithful, and this is easy. 

(5) By Lemma 14.2.61 cr^(y) = S 2 (y) = cr(y) for all y E C. The same lemma and the 
relation y op o b ^b = 0 imply a^(y op ) = S~ 2 (y op ) = <7 _ 1 (y) op for all y E C. Let now 
y, y' E C and h,h' E H. Then We compute 

4>{y'hy op ■ a H (ti( 2 ))D S ( h ' m )(D s - i(/i' 2) ))° p )- 

Since Ah o an = (cr# ® Sj^ 2 ) o Ah, the expression above is equal to 

<KD S - Hh[i)) y f • ha H (h{ 2] ) ■ (y op < S- 2 (h{ 3) ))(D s - HhU)) )° p ) 

= ^Ds-i ih ' w )y') ■ <t>H(ha H (ti {2) )) ■ y op {{y op < S~ 2 (h[ 3) ))(D s -i( h ' w ))° p ) 

= ' Mh[ 2) h) ■ y(D s - Hh , w) (S- 1 {h' {3 ) )>y)) 

= fi(h[ i) > y') ■ <t> H (h[ 2 )h) ■ y(y) 

= 0(/i'-yV°). □ 

8.4. Dynamical quantum groups. In m we studied integration on dynamical quan¬ 
tum groups in order to construct operator-algebraic completions in the form of measured 
quantum groupoids. The present results generalize and clarify the results obtained in 
im for example, they explain the deviation of the antipode on the operator-algebraic 
level from the algebraic antipode observed in El Proposition 2.7.13]. 

Multiplier {B, T) Hopf *-algebroids. To recall the notion of a dynamical quantum group 
as defined in m we need some preliminaries. 

Let B be a commutative ^-algebra with local units and a left action of a discrete group 
T. Denote by e E T the unit element. A (B, T) ev -algebra is a *-algebra A with a grading 
by T x T, local units in A e e , and a non-degenerate ^-homomorphism B 0 B —>• M(A ) 
satisfying 

a(x <S> y) = ( 7 ( 2 ) <g> 7 \y))a E for all a E A ia yx,y E B. 

Such (B, T) ev -algebras form a monoidal category as follows. Morphisms are non-degenerate 
B ® H-linear *-homomorphisms into multipliers that preserve the grading. The product 
A®C of (£>, T) ev -algebras A and C is the quotient of 

© A 7j y <g> Cy t y 

7.7'.7" 

by the subspace spanned by all elements of the form (1 (g> x)a ® c — a® (x ® 1 )c, which 
becomes a (23, T) ev -algebra in a natural way, and the unit object is the crossed product 
BxiT with diagonal T x T-grading and the multiplication map B®B->BHM(Bxir). 

A multiplier (B,T)-Hopf *-algebroid consists of a (23, T) ev -algebra A with a comulti¬ 
plication, counit and antipode, which are morphisms 

A :A->M(A®A), e: A ->■ 23 x T, S:A^A co ’ op 
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satisfying natural conditions, see m Definition 1.3.5], where A co,op is a suitably defined 
bi-opposite of A. 

Such a multiplier (B, T)-Hopf *-algebroid can be regarded as a multiplier Hopf *- 
algebroid with certain extra structure as follows. The ^-homomorphism B <g> £> —> M(A ) 
extends to embeddings of 1 and 1 <g>B into M(A). Denote by B and C the respective 
images, and by Sb- B —>• C and Sc - C —>• B the canonical (anti-)isomorphism. Then 
b A ® A B is a left and C A <g> A c a right A(g)A-module, and the formulas 

A B {a){b <g> c) := A (a) (6 <g> c), ( b (g> c)Ac(a) := ( b (g> c)A(a) 

define a left and a right comultiplication so that 

A:= (A,B,C,Sb,S c ,A b ,A c ) 

becomes a multiplier *-bialgebroid. Its canonical maps are bijective by mi Proposition 
1.3.8], so it is a multiplier Hopf *-algebroid. One easily verifies that its antipode is S 
and its left and right counits B e and eq are equal to the composition of e with the linear 
maps BxT given by eA Yl-y and ^ 7 yx 7 i-A ^ 7 z 7 , respectively. 

Integration. The ingredients for integration considered in m Definition 1.6.1] and here 
are related as follows. 

Assume that the multiplier (£>, T)-Hopf *-algebroid ( A , A, S, e) is measured in the sense 
°f [Ei Definition 1.6.1], that is, it comes with 

(1) a map cfc'- A —»• B = C , called a left integral in ]T7] . which has to be C-linear, 
left-invariant with respect to A, and to vanish on A 7i y if 7 7^ e; 

(2) a map b^b ■ A -A B = B , called a right integral in m, which has to be H-linear, 
right-invariant with respect to A, and to vanish on A 7 y if y' 7^ e; 

(3) a faithful, positive linear functional on B that is quasi-invariant with respect to 
the action of T in a suitable sense and satisfies /r o c4>C = /U o B'f’B- 

Let us first consider the conditions in (1) and (2). The first two conditions are easily 
seen to be equivalent to c4>C being left-invariant and b4>b being right-invariant with 
respect to A^ and Ac in the sense of Definition 13.1.21 The third conditions in (1) and 
(2) follows from the first ones if the action of T on B is free in the sense that for every 
non-zero x € B and every 7 y e, there is some x' £ B such that x(x' — j(x')) is non-zero. 

Let us next consider the conditions in (3). Write fj-B and fic for Ab regarded as a 
functional on B or C, respectively. Then [Lb o Sc = He and nc 0 Sb = I^b by definition. 
If a £ A and e(a) = x 7 q € B xi T, then 

/Hj(se(a)) = r )> Pciecifl)) = ^ M7 -1 (®7))- 

7 7 

If /r is invariant under the action of T on B , then (^B, f-c) is a counital base weight for 
A and we obtain a measured multiplier Hopf *-algebroid. 

Modification. The condition of quasi-invariance imposed on the functional p, in (c) is 

strengthened in m Section 2.1, condition (A2)] as follows. There, one assumes existence 

1 /2 

of a family of self-adjoint, invertible multipliers Df £ M(B) satisfying 

Dl /2 = 1 , D}Jj = y-\Dy 2 )Dy\ /x(7 (xDj) = /i(s) 
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for all 7 , 7 ' £ r and x 6 B. Given such a family, we can modify A and obtain a measured 
multiplier Hopf *-algebroid as follows. The formulas 

D ±l / 2 (a) = a(l (g> Dy 1//2 ), D ±l ^ 2 (a) = a(D ^ 1//2 (?) 1), where a £ A 7 i y, 

define automorphisms of A and (l) 1 / 2 , D 1 / 2 , D -1 / 2 , ZW 1 / 2 ) is a modifier for A which is 
trivial on the base and self-adjoint. This can be checked easily, see also m Lemma 
1.6.3). We thus obtain a modified multiplier Hopf *-algebroid 

A = (A,B,C,Sb,S c ,A b ,A c ). 

Now, (hb,Hc) is a counital base weight for A. Indeed, if e{a) = ^ 7 7 ^ 7 , then by (17.711 
and (I7.8[) . 

fiB(Bi(a)) = X^(7 0 7 L> 7 /2 )) = L/2 ) = = Mc(ec(o))- 

7 77 

Thus, every measured multiplier (£?, T)-Hopf *-algebroid satisfying [T7) Section 2.1, con¬ 
dition (A2)] gives rise to a measured multiplier Hopf *-algebroid. 

Theorem 16.3.21 shows that in the proper case, the assumption // o = fi, o b ^b in 
m does not restrict generality. 

The measured quantum groupoid associated to ( A , A, e, S') in [l7j is rather a com¬ 
pletion of the modification A than of A. Indeed, the formula for the comultiplication 
on the Hopf-von Neumann bimodule given in m Lemma 2.5.8] looks like the modified 
comultipliation A B , and the antipode of the associated measured quantum groupoid ex¬ 
tends the modified antipode S = D 1 / 2 SD 1 / 2 instead of the original antipode S, see [m 
Proposition 2.7.13). 
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